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Abstract. This paper studies crystalline representations of Gq a with coeffi- 
cients of any dimension, where Q p a is the unramified extension of Q p of degree 
a. We prove a theorem of Fontaine-Laffaille type when cr-invariant Hodge- Tate 
weight < p — 1, which establishes the bijection between Galois stable lattices 

\ ^("*) ■ in crystalline representations and strongly divisible (^-lattice. In generalizing 

^vj Breuil's work, we classify all reducible and irreducible crystalline representa- 

tions of Gq a of dimensional 2, then describe their mod p reductions. We 
generalize some results (of Deligne, Fontaine-Serre, and Edixhoven) to repre- 

pH ' sentations arising from Hilbert modular forms when cr-invariant Hodge- Tate 

^^ ' weight < p — 1. 
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1. Introduction 

Let a > 1 and let K :— Q p a be the unique unramified extension of Q p of degree a. 
Let Gk — Gsl(K/K ) be the Galois group of the algebraic closure K of K over K. 
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This paper studies integral theory concerning crystalline .©-linear representations of 
the Galois group Gk over some coefficient field E. For ease of notation we assume 
throughout this paper that E contains Q p a . 

Let D* ris be the equivalent functor from the category Rep cris /Q (Gk) of crys- 
talline Qp-linear representation of Gk to the category MF a (K) of weakly admis- 
sible filtered ^-modules over K, defined by D* ris (V) = (B cris <8>q p V*) Gk where 
V* = Eom(V,K) is the dual of V (see |Fo88aj[FoMb]^FuO] V Let C p be the com- 
pletion of Q p . Any crystalline representation V is Hodge- Tate and hence has Hodgc- 
Tate weight, which we shall use Hodge polygon to describe in this paper: For any d- 
dimensional crystalline representation V, an ordered <i-tuple HP(V r ) := (ki, . . . , kd) 
with integers k\ > . . . > kd is Hodge polygon of V if dim(C p (— ki) ® V) Gk ^ 
and each ki has multiplicity equal to nii := dim(C p (— ki) ® V) in HP(V). Write 
D = D* ris (V), an equivalent definition of HP(V) for V in terms of its corresponding 
filtered (^-modules D is that: Fil fci (D) D Fil fcs+1 (L>) for every slope k % in RP(V) and 
m, = dim K (Fil k '(D)/Fil kl+1 (D)). For this reason we shall use HP(V) and HP(£>) 
interchangely for any crystalline representations V. We assume V is effective, that 
is, h > for all i. We define MaxSlope(HP(l/)) := ki - k d . When k d = 0, which 
is the case for almost all cases we consider, MaxSlope(HP(F)) = fci the maximal 
slope of the Hodge polygon. 

Let T be any Galois stable lattice (over the p-adic integers Z p ) in V. Laffaille 
has shown that V is crystalline if and only if D* ris (F) contains a strongly divisible 
lattice ([Laf80]). If MaxSlope(HP(y)) < p - 1, then Fontaine-Laffaille theorem 
says that if V G Rep cris /Q p (Gif) then D* ris (T) is a strongly divisible lattice in 
D* ris (V r ) for every Galois stable lattice T in V. Namely, D* ris gives a bijection 
from a Galois stable lattice T in V £ Rep cris /Q (Gk) to a strongly divisible lattice 
L in D = D* ris (y). Fontaine-Laffaille theorem ( FL82]) has played a prominent 
role in computing mod p reduction of the crystalline representation. 

First of all, we give a structural construction of crystalline representations of 
Gk of any dimension, and if one wishes, with any prescribed Hodge polygon. Let 
k = (ki, . . . , kd) be in Z> with k\ > . . . kd > be a Hodge polygon, and let 

Rep cris /Q (Gk) be the subcategory of Rep cris /Q (Gk) where each representation 
has HP(V^) = k. Let Gk be the ring of integers of K, and let the cr-linear parabolic 
equivalence ^ CT .k be an equivalence relation on the set GLd(&K) which we shall 
define in Section! 



Theorem A. There is a bijection 

9 : GL d (G K )/ ~.,k^ Re P ^ ris /Qp (G K ) 

which sends every A 6 QLd(&K) upon a-linear parabolic equivalence with respect 
to k to a crystalline representation V whose D* ris (V r ) contains a strongly divisible 
lattice L such that Mat(y|i) = ^4-Diag(p fcl , . . . ,p kd ), with respect to a basis adapted 
to its filtration. 

Breuil and Mezard generalized Fontaine's D* ris functor to those representations 
with coefficient field E that is no longer necessarily equal to Q p (see [BM02t Section 
4]), namely, D* ris : Rep cris/£; (GA') — > MF ad (K ® Qp E). In this paper we extend 
Brcuil-Mczard's result one step further to strongly divisible lattices, and obtain 
Fontaine-Laffaille type theorem in Rep cris / £; (GA')- To do so, we shall define embed- 
ded Hodge polygon HP z/aZ (F) = k := (k jA , . . . , fcj.a-Ojez/aZ in Section EU For 
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any embedded Hodge polygon k, let Rep^ ris / e (Gk) be the subcategory consisting 
of all V with HPz/ a z(V) = k. Let G E be the ring of integers in E. Let ^k be an 
equivalence relation on GLd{&E) a which we shall define in Section I3TT1 

Theorem A'. Then there is a bijection 

: GL d (tfB)7 ~ k — » Repi is/E (G K ). 

Let D be Fontaine's equivalence functor from the category Rep / e (Gk) of E- 
linear representations of Gk to the category of etale (<p, F)-modules. This func- 
tor respects Galois stable lattices in V of Rep / e (Gk) and respects torsion (see 
|Fo91j ). For every crystalline representation V in Rep cris / e {Gk) C Rep/ B (Gif), 
there is an integral Wach module in the etale (ip, r)-module D(V) (see |Wa96j 
and [BE04] ). In fact, there is fully faithful functor N from Rep cris / E (Gj<-) to the 
category of Wach modules that is bijection from Galois stable lattice to integral 
Wach modules (see |BE04j ) for Rep cris /Q {Gk)- In this paper, we study represen- 
tations V £ Rep cris / E (GK), define er-invariant Hodge polygon of V by HP cr (V r ) := 
il £ ieZ / oZ *i,i, ■ ■ • . s E jez/aZ hd)- Let MaxSlope(HP CT (F)) := i(E ie z/az(*i,i " 
kj,d))- We have the following Fontaine-Laffaille type theorem: 

Theorem B. Let V € Rep cris/i j(G A :) w#i MaxSlope(HP CT (^)) < p - 1. Let T be 

a Galois stable lattice in V , then D* ris (T) is a strongly divisible lattice in D* ris (V). 
Conversely, every strongly divisible lattice L in T>* lis (V) is of the form D* ris (T) for 
a Galois stable lattice T in V . 

It is desirable to explicitly construct integral Wach modules, especially when 
MaxSlope(HP cr (T^)) >p—l, hence compliments Fontaine-Laffaille type theorem of 
strongly divisible lattices in filtered (^-modules in MF a (if <8)q E). Let m E be the 
maximal ideal in G E . For any V G Rqpi e (Gk) its mod p reduction means T/m E T 
for any Galois stable lattice T in V. Its semisimplification does not depend on 
the choice of T and we denote it by V in this paper. Its p-power reductions are 
similarly defined. To use integral Wach modules to calculate mod p-power reduction 
of a crystalline representation, it is essential that we show N is a p-adic continuous 
map in a sense that if two d-dimensional crystalline representations V\ and V2 in 
Rep cris / B (G_R-) are close in a p-adic metric (which we shall define in Remark 12. 71 for 
Rep cris /Q (Gk) and Remark \JM for Rcp^ lis , e (Gk)), then their Wach modules are 
p-adically close. Let |_-J and ["•] be the floor and ceiling of a real number. 

Theorem C. Write ki = MaxSlope(HP a (y)). Given V, V S Rep* is/E (G K ) such 
that N is an integral Wach module ofV. Suppose dist(V, V) < p-( 4 +LL* : iJp/(p-i) 2 J) ; 
then there exists an integral Wach module N' of V such that N = N' mod m^. 

Finally, we are concerned with 2-dimensional crystalline representations of Gk 
exclusively. Recall that a 2-dimensional representation V of Gq is irreducible if 
and only if the slope of its Newton polygon has slope > 0. Breuil has completely 
classified them in [Br02 . Theorem D below generalizes this to Gk- 

Theorem D. Let V be any 2-dimensional crystalline representation with embedded 
Hodge polygon k = (kj, 0)j 6 ^/aZ- Then V is (absolutely) irreducible if and only if 
the Newton polygon of V has no slope equal to X^igj^j f or an y subset J o/Z/aZ 
(if J is empty set then the sum is 0). 
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Let 10 a be a fundamental character of the inertial group Ik of Gk, and let 102a 
be a fundamental character of Iq 2a such that wfa — w a- For any 1 < h < p a — 1 
let ind(a;2 Q ) be the (unique) irreducible representation p of Gk with det(p) = uj'^ 
and ~p\i K — ^>2a ® UJ 2a ■ We compute mod p reduction of crystalline representations 
in Theorem E below. In this theorem, we adapt the notation in line with Buzzard- 
Diamond- Jarvis [BDJ08] and Gee |Ge08bj by using the Hodge-Tate weight k = 
(fco, . . . , fc a -i) instead of our embedded Hodge polygon k = (kj, 0)j£z/aZ- We hope 
no confusion arises. 

Theorem E. Let V be a 2- dimensional E-linear crystalline representation of Gk 
with Hodge-Tate weight k = (fco, . . . , fc a _i) G Z> such that < kj < p — 1 for all 
j. Let p — V be the semisimplification of mod p reduction of V . 
(i) Suppose p is reducible, then 

1 



PllK= ( ^ „ * \®V 



for some character r\ that extends to Gk ■ 
(ii) Suppose p is irreducible and k ^ 0. Then 

p = md{uj 2a 3 )®r) 

for some character rj; or equivalently, 



PUk 



J 2a U 

U w 2o 



for some character r\ that extends to Gk- 

We remark that Breuil has classified in |Br07j all reduction and irreducible F p - 
linear representations of Gk in the above two forms in Theorem E. 

Theorem E has applications to Hubert modular forms. Let F be any totally real 
field extension over Q where p is unramified, and we assume the localization of F at 
the prime over p is equal to K . Let n be a nonzero ideal of the ring of integers Gp 
of F . Fix once and for all embeddings Q ^ C and Q ^ Q p . Let / be any Hilbert 

cuspidal eigenform of weight k = (ho, . . . ,k a -i) for < kj < p — 1, and of level n. 
Let pf : Gk — * GL 2 (Q p ) b e the Galois representation associated to / constructed by 
Rogawski-Tunnell [RT83J . Ohta [Oh84j and Carayol |Car86j . completed by Taylor 
|Tay89| and Jarvis |Jar97j . Let p* : Gf — > GL2(F P ) be the semisimplification of 
the reduction mod p of /?/. We write p~f := p~f \c K ■ Suppose p is coprime to n then 
Pf\c K 1S crystalline by [Br99| and |Liu07j (see also BE04 ). Then the following 
corollary follows immediately from Theorem E, and it generalizes previous results 
of Dcligne, Fontaine-Serre, and Edixhoven on representations arising from modular 
forms (see |Ed98j for references) to Hilbert modular forms. 

Corollary F. Let p > 2. Let f be a Hilbert cuspidal eigenform of weight k with 
< kj < p — 1, and of level n coprime to p. 
(i) Suppose Jifp is reducible, then 
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for some character rj that extends to Gk- 
(ii) Suppose ~pf „ is irreducible, we have for k =/= 

, i - i J 2a U 

' f^ lK ~ n p a E jez/aZ fc,p J 

for some character rj that extends to Gk - If k = u then we have ~p~t „ = 
ind(w2a _ ) ® V f or some character rj. 

This paper is organized as follows. Fundamental notions and preparations are 
recalled or defined in Section 2, we prove Theorem A after Proposition 12.61 In 
Section 3 we prove Theorem A' for Hcp criB i e (Gk) in Theorem 13.51 This section 
prepares some foundations on strongly divisible ^-lattices. In Section 4 we study 
embedded integral Wach modules in Fontaine's etale (<p, r)-modules, and prove one 
of our main Theorem B in Theorem 14.151 We prove p-adically continuity of Wach 
modules in Theorem C as part of Corollary 14.131 Finally in Section 5 we mainly 
focus on 2-dimensional case: by proving irreducibility in Theorem D that generalizes 
Breuil's classification Br02]; and computing mod p reductions in Theorem E for 
fci < p — 1. At the end of the paper we demonstrate explicitly construction of 
some families of integral Wach modules corresponding to 2-dimensional crystalline 
-E-linear representations of Gk , which extends some constructions done in [BLZ04] 
for K = Q p . 

Conventions . Throughout this paper p is a prime number. We assume K = Q p a 
the unramified extension of Q p of degree a everywhere (except declare otherwise in 
Section 4). Let E be an extension of Q p and without loss of generality we assume K 
lies in E. Let &k, @e be their rings of integers, respectively. Let tug be the maximal 
ideals of &e- For any vector v — (i>i)i with Vi G E, let ord p (w) = minj(ord p Wj). 

Let 7T be a variable. We write A K = @k[[k\}> A-% = ^[M], B^ = A£[±], 
Let A-k be the ring of power series ^2 i= _ OQ o-i-k 1 such that gsj G 6k and a, — > as 
i — > — co. Let B^ be its field of fractions. Let p-adic order ord p (-) on ^b[[7t]] (or 
^K"[[tt]]) be defined as the minimal p-adic order of polynomial coefficients. We have 
Ae/pAe — 6e/^-e{{^))- For any c ^ let 8% c ,e be the ring of all power series 
J2^Lq cl s 7tS m -E-II 71 "]] sucn that ord p a s > — -. For instance, S%oo,e = A^. 

Let Ik be the inertial group of Gk- Let io a be a (Serre's) fundamental character 
of Ik given by composing Ik — ► Fpa (via local class field theory) with an embedding 
To : Fpa — > ¥ p . Let a be the absolute Frobenius on F p , then we may identify even 
element tj := To o a 3 in Gal(F p a/F p ) with j in Z/aZ. Indeed, we identify the 
subindex set Z/aZ with Gal(K/Q p ) = Gal(F p a/F p ) in this paper. 

Acknowledgments . We thank Laurent Berger and Kiran Kedlaya for pointing out 
some key references to us during our research, with double thanks to Laurent Berger 
for helpful comments on an early version of this paper. 

2. Weakly admissible filtered ^-modules 

2.1. Preliminary algebra. A filtered module D over a ring 6 is a ^-modules with 
decreasing filtration (i.e., FiVD 2 Fil I+1 L> for i G Z) that is separated (i.e., FiVD = 
for i ^> 0) and exhaustive (i.e., FiVD = D for i -C 0). We say the filtration is 
saturated if Fil'D are saturated submodules. Let & be a discrete valuation ring with 
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field of fractions Q, if 6 is a ring endowed with ^-action that is an automorphism 
on D®ffQ such that ip(cv) — o~(c)tp(v) for c G Q and v £ D, where c is the absolute 
Frobenius of Q (i.e., the lifting of Frobenius x t-> x p on a residue field of £?) then 
D is a filtered ip-module. 

A filtered (^-module over K is just a filtered if-vector space with an automor- 
phism tp such that ip{cv) — o~(c)tp(v) for the absolute Frobenius a on K. The 
category of filtered ip- modules over K is denoted by MF(if). We write (D, Fil) for 
the filtered if-module D. Morphisms between filtered if -modules are strict, i.e., 
for any / : (D, Fil) -> (£>', Fil) we have /(FIT D) = /(£>) n Fil l L>') unless otherwise 
declared. 

We use Hodge polygon to describe the filtration data on (I?, Fil) consisting 
of Hodge- Tate weights. The Hodge polygon of a filtered module D of dimen- 
sion d over K is given by a d-tuple HP(D/K) — (k\,...,kd) ='■ k with k\ > 

• ■ ■ > kd such that Fil *Z) D Fil i+ D, and the multiplicity of each fej is equal to 
dim#-(Fil i D/Fil i+ D). We always assume fc<j > (i.e., D is effective) in this 
paper. Write r, := dim^- Fil *LL Then we have n < . . . < rd = d with the mul- 
tiplicity of each value in the same pattern as that for BP(D/K). Note that each 
Hodge polygon slope ki has horizontal length equal to rt — Ti-i (by setting ro := 0). 
For any a = - € Q let D a be the -RT-subvector space generated by those w G D 
with ip s (w) = p r w. Then D = © aS Q.D a . The Newton polygon of D is given by a 
rf-tuple NP(D/K) — (f3i, . . . , (3d) where fij 6 Q are of multiplicity dim^ Dp ., and 
fix > ■ ■ ■ fid- A filtered (^-module -D over K is weakly admissible if for every subobject 
D' of D we have EP{D'/K) >- NP (D'/K) (where >- means 'lies below') and the end- 
points for BP(D/K) and KP(D/K) coincide. Let t N (D/K) = E q£ q " ' dim K D a 
and t H (D/K) = J2 ie z i ' dimK(FifD/Fil l+1 .D). Then the weakly admissibility is 
equivalent to that t H (D'/K) < t N {D'/K),t H {D/K) = t N (D/K) for all sub-object 
D' in D. Let M.F ad (K) be the subcategory of MF(K) consisting of weakly admis- 
sible objects with strict morphisms. For any Hodge polygon k = (fei, . . . , kd), let 
MF ad ' k (fO be subcategory of MF ad (IC) consisting of those with HP(^) = k. 

A if -lattice L in D with induced filtration is a free €?V-submodulc of D such that 

L®ff K K = D, tp{L)CL, FiTZ = Fil'D n L. 

For the rest of this section all filtration on a lattice L in D are induced from D. 
If L = (ei, . . . , ed) is a basis over &k such that FiPL = (ei, . . . , eranUFtfL)) f° r 
every i, then it is called a &as?s o/L adapted to the filtration. A basis of D over iiT 
adapted to the filtration is a basis adapted to the filtration for some lattices in D. 
The existence of such basis is due to the following proposition. (Remark: Fontaine- 
Rapoport FR] called D = (e,), a basis adapted to the filtration if Fil r D = (ei) ri > r 
where rj is the maximal number r such that e» € FiVD. Our definition is slightly 
stronger.) 

Proposition 2.1. (1) If (L, Fil) is a saturated filtered 6 -module free of rank d for 
a principal ideal domain 6 , then it contains a basis adapted to the filtration. 

(2) Let (D, Fil) be any filtered K -module of dimension d. Let L be a 6k -lattice 
in D with Fi\ l L = Fil 1 D n L. Then there exists a basis (e±, . . . , ed) of L over 6k 
that is adapted to the filtration. 

Proof. Let d be the rank of L over 6 ', It suffices to show that if L = L$ D L\ D 

• • • D L„ 2 for free saturated ^-submodules Li's of rank n, then there exists 
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a basis (ei, . . . , ed) of L such that Li = (ei, . . . , e ri ). We shall induce on d. If 
d = I then this claim obviously holds. Pick a basis for the smallest filtration 
N := L n — (ei, • • • , e r?l } over ^r-. By taking quotient we get a filtration L/iV 3 
L\/N D • • • D L n -i/N 3 of free €?V-modules. It is saturated since Lj/Lj+i = 
(Li/N)/(Li+\/N) is torsion-free over ^jf. By induction L/JV = (e rn +i, . . . , e<j) of 
rank d — r n < d satisfies that Li/N = (e r „+i, • • • , e rn + ri ) for every i. Let ej G L be 
a lift of e, G L/N , then we have that Lj = (ei, . . . , e rn , e rn +i, . . . , e rn + n ) for every 
i. This proves part (1). 

(2) Clearly FiPL = FiPDnL is a full lattice in FiPD, i.e., it spans FiVD over K. 
One notices that Fil 4+ L is a saturated submodulc of FiPL, namely FiFL/Fil 4+ L 
is torsion- free (or zero). Indeed, if we have r G 0k and x G FiPL such that 
rx G FiF +1 L, then x G FiP +1 D and hence x G FiP + Z because filtration on L 
is induced from that on D. Therefore part (2) follows from applying part (1) on 
(L,Fil) over K . D 

Lemma 2.2. Let D = (ei, . . . , ed)/K be a filtered module with basis adapted to its 
filtration and let BP(D/K) = {k u . . . , k d ) = k. Let r t = dim K Fil fei L>. 

^ XTie automorphism group of (D, Fil) is isomorphic to the subgroup SP-^^k 
defined below in GLd(K) by sending every automorphism to its matrix with respect 
to the given basis (ei, . . . , ea)'- 



( GL ri (K) 




&>] 



k,K '■ = 



* 


* 


* \ 


GL r2 _ ri (A) 


* 


* 







* 



V o 

where * are arbitrary entries in K . 

(2) Let L be a 6"k -lattice in (Z),Fil) with induced filtration. The automorphism 
group of (L, Fil) is 

^ k = GL d (0 K )n&k,K 

( QUA^k) * * * \ 

GL r2 - ri (&K) * * 

'. * 

V ••• GU-t^W J 



where * are arbitrary entries in 



<K- 



Proof. (1) Let 6 be an automorphism of (I?, Fil). Write 0(ei, . . . , ei) = (ei, . . . , e<j)0 
for O G GLd(i^). Then for every i we have 0{e\ 1 . . . , e ri ) — (ei, . . . , e ri )A ri for some 
A Ti G GL ri (K). Thus 

9 • Diag(Id n , 0, . . . , 0) = Diag(A n , 0, . . . , 0), 

where Id n is the identity matrix in GL n (i\T). This proves part (1). 

(2) Similar argument with 6 G GU{0k) and A Ti G GL ri (0 K ). D 

We call the above groups SP^k and ^k the parabolic group and integral parabolic 
group with respect to k, respectively. When there is no confusion in context we also 
call ^k the parabolic group of k. For example, if the filtration data on D is maximal 
in the sense that dim Fil 4 D = dimFif + D + 1 for every i, then ^k is the Borel 
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subgroup of QLd(&K )■ Namely, it is the upper triangular matrix with & K on the 
diagonal. Our definitions here are inspired by work of Fontaine- Rapoport |FR| . 



Proposition 2.3. (1) Let (L,Fil) be a 0K-lattice in (D,Fi\) with induced fil- 

tration, let f be an automorphism of (_D,Fil) and let L' = f(L). Write 
L = (ei, . . . , ed) and L' — (e^, . . . , e' d ) for bases of L and L' adapted to the 
filtration, respectively. Then 

f(e 1 ,...,e c t) = (e[, . . . , e' d ) -C 

for some C G ^k- 

(2) If D — (ei, . . . , ed) is a basis of D adapted to the filtration, then there is 
C G ^k such that (e^, . . . , e' d ) := (ei, . . . , ed) ■ C forms a basis for L that is 
adapted to the filtration. 

(3) Let L be a tp-lattice of (D, Fil, if). Let $ and $' be matrices of if with respect 
to bases (e±, . . . , ed) and (e' 1; . . . , e' d ) of L both adapted to the filtration, 
respectively. Then $' = C^ 1 ^C a for some C G S?^. 

Proof. By Lemma 12.2( 1). Mat(/) 6 S?y,k- But / is an isomorphism between 
two (^--lattices, so Mat(/) G GL d (0K) and hence Mat(/) G ^k- Then part (2) 
follows immediately by setting f : ej <—>■ e' . Let 6 be the automorphism of L that 
9{e\, . . . , ed) = (e' lt . . . , e' d )C as in part (1). Since 9tp = tpO, and tp is if-semilinear, 
we have C$' = ^C" 7 where tr is the absolute Frobenius on K . This proves part 
(3). □ 

2.2. Construction of crystalline representations. In this subsection we let 
(D,Fil) be given with BP(D/K) = (ki,...,k d ) -■ k, where k\ > . . . > k d , of 
dimension d as if- vector space. We write Ak := Diag(p fcl , . . . ,p kd ). For any matrix 
C = (Cij)i<i,j<d 6 GL d (i? K ), define C b := AkCA,; 1 = (p fci - fc ^-)i<;,j<d- If C G 
^k then clearly C b G ^k- We define two matrices A, B in GLd(0K) being parabolic 
equivalent with respect to k, denoted by A ^k B, if A = C~ 1 BC b for some matrix 
C in ^k! We say they are a-linear parabolic equivalent with respect to k, denoted by 
A ~ ., k B, if A = C- 1 B(C* b )' T . Note that if BP(D/K) = (0, . . . , 0) then A ~ aM B 
if and only if A = C~ 1 BC a . We denote the orbits of the equivalence classes by 
GLd(^if)/ ~k- Namely, it can be considered the orbits of map A — > C^ 1 A(C^Y 
in GL d (^ K ) with Ce# k . 

Lemma 2.4. for any K-module D' of dimension d, let f : (D, Fil) —* D' be a K- 
semilinear (or K-linear) isomorphism of K -modules. Let M,M' be &k -lattices 
in D,D' respectively with a map f\ M : M -v M' . If f(FiVM) C p l M' and 
^ ieZ p _l /(FiLM) = M' , then there exists a basis for M adapted to the filtration 
such that Mat(/|jw) = AA^ with A G G\j d {(?K)- The converse also holds. 

Proof. Choose a basis of M = (ei, . . . , e d ) adapted to its filtration (see Proposition 
|2~T|) . Let M' = (ei, . . . , e' d ) be any basis of M'. Let n = dimFil fei M . Note that for 
every 1 < i < d we have 

(1) /( ei) ...,e ri ) = (e' 1 ,..., e ' d )-Mat(/)-( Idr p ) . 

By induction on i the first condition in this lemma is equivalent to that A :— 
Mat(/) • A^ 1 G Mdxd(^K)- The second condition says that the column vectors in 
the matrix A generate M' over 0k, that is A G GLd{&K)- Changing basis for 
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M' clearly does not change the form of Mat(/) = ylAk- Suppose we change the 
basis of M from (e^) to (bj), then (b%, . . . , ba) = (ei, . . . , ed)C for some C £ £Pu 
by Proposition 12. If 2): Suppose ip is 7^-semilinear (the case that tp is if-linear 
is similar), then by Proposition I2.3f 3) the matrix of / with respect to basis (bj) 
is Mat(/| (6j) ) = C^AA^C 7 = C' 1 A^)* A k . It is clear that C- l A{&Y £ 
GL d (ff K ). ' 

Conversely, suppose Mat(/|jvf) = AA^. It suffices to show that /(Fil *M) C 
v U M i for all i and ^. p -fe</(FU fei M) = M'. By © we have that 

/( ei ,...,e r J = (e' 1) ...,e^A k f Id ^ ) 

V /dxr, 

\ / dxri 

Because k x > . . . > k d we have that /(Fil fei M) C p ki M'. This also shows that for 
every ki we have 

(2) ,T*/(ei,...,0 - (e^-.e^f 01 ^ 1 ^'---' 1 )) . 

V /dxri 

Since ^4 g GLd(<^V) The image in ([2]) generates the submodule (e' 1+1 , . . . , e' r .) of 
M' . Hence the sum of these submodules generates the entire M ' . D 

Following Fontaine-Laffaille's notations, a strongly divisible if -lattice L over &k 
in D is a free i^x-submodule in D such that 

L®e K K = D, ip(L)CL, ^p-V(Fil i Dni) = I. 

Corollary 2.5. Let L be a ip-lattice in (D, Fil, (f) with induced filtration. Then 
(L, Fil, ip) is strongly divisible if and only if there is a basis of L adapted to the 
filtration such that Mat(<p|z,) = AA^ for some A £ GLd(^V). 

Proof. This follows by applying Lemma 12.41 to the if-semilinear automorphism ip 
of D. D 

For any matrix M in GLd(^) where 6 is a principal ideal domain (e.g., 6 = K 
or B^-), there exists invertible matrices C,D in GLd(0) such that CMD is a 
diagonal matrix in Mdxd(&) with entries on the diagonal equal to p-powers with 
non-increasing p-adic valuations. We call the (ordered) ci-tuple of diagonal entries 
of CMD the Hodge polygon of matrix M. If / is an endomorphism of free modules 
L over then we denote HP(/|i) := HP(Mat(/)). This Hodge polygon is related 
to Hodge polygon of filtered modules we defined earlier. 

Proposition 2.6. For anyk, there is a bijection S : GL d {0 K )/ ^.k — > MF ad ' k (K) 
by sending every A £ GLd(&K) to the filtered (p-module with Mat(ip\o) = AA^ with 
respect to a basis adapted to filtration. 

Proof, (i) Suppose (D, Fil, (p) is weakly admissible, then there is a strongly divis- 
ible (/^-lattice L such that Mat(y>|z,) = A ■ A^. Any isomorphism (D, Fil, tp) — > 
(D, Fil, cp') gives rise to a (strict) isomorphism / : L — > V as filtered ^-modules 
that is tp— and G(i4T/ Q p )-equivariant where U = f{L). Since / commutes with tp 
and Fil* it follows from the definition above Corollary 12.51 that L' is necessarily a 
strongly divisible ^-lattice in (D, Fil, ip 1 ). Hence by Proposition 12. II we may choose 



10 HUI JUNE ZHU 

bases of L and L' such that Mat ((p\l) = A ■ Ak and Mat(<p>\L') = A'A^ where 
A, A' e GL d (<^). Since /(FiPL) = FirX' for all i we have Mat(/| L ) = Qe^ k 
with respect to any bases of L and L' adapted to the filtration on D. This Q 
is unique up to conjugation in £Pk by Proposition 12.31 But since fp = ip'f 
on L, and ip is if-semilinear, we have QAAk = A'A^Q^. Hence we have A' = 
C^ 1 AA^C 7 A^ 1 = C~ 1 A(Cr)' r . This proves one direction of the correspondence. 

(ii) Let L = (ei)i be a Ck -lattice in (D, Fil) with basis adapted to its induced fil- 
tration. For any A e GLd(^K) define an endomorphism of L by Mat(</?|i) := AA^. 
Because det(Mat(y|i)) ^ 0, the map p induces an automorphism of (D, Fil). By 
Corollary |2.51 L is a strongly divisible ^-lattice in (D, Fil, p) with induced filtration. 
We let (D, Fil, ip') be associated to another matrix A' € GLd(^W) in the same way, 
and it is weakly admissible as well. Suppose A ^ a ^ A' and A' = C~ 1 A(C b ) cr for 
some C € i^k- Then the matrix C _1 6 3?-^ defines an automorphism 9 of (D,Fil) 
by Lemma [231 The hypothesis A' = C~ 1 A(C b ) a is equivalent to that 6<p = </?'#. 
Thus gives rise to an isomorphism as filtered (^-modules. This proves the other 
direction of the above correspondence. □ 

Proof of Theorem A. Let V* ris be the quasi- inverse of functor D* ris . Composing 
the bijection S in Proposition 12.61 and the equivalence functor V* ris , we get the 
desired bijection 

6 : GL d (0 K )/ ~ CT , k ^ MF^ k (K) ^ Repl is/Qp (G K ). 

D 

Remark 2.7 (Metric on Rep cris /q (Gk))- The bijection & of Theorem A allows us to 
define a non-Archimedian metric (p-adic) on Rep cris ,q (Gk) by endow such metric 
on GL d (ff K )/ ~ a>k . Namely, let \A - A'\ p := p -ord p (A-A') be the p _ adic metric 
on GL,i((?k) for any A, A' 6 GLdi&ic)- Let \[A] — [A']\ p be a quotient metric on 
GL d (& K )/ ~ CT , k defined by 

|L4]-L4']| P = sup {C^AC^-C^A'C^lp. 

For any V,V € Rep^ ris/ Q p (G K ), define dist(V,V) := \[A] - [A']\ p . It is clear 
that GLd(^K) is compact as Gk is compact under | • \ p . With quotient met- 
ric, Ghd(&K)/ ~<r,k is also compact. Hence our metric defined above makes 
Rep cris /Q (Gk) a compact space. 

2.3. Irreducibility in Rep cris /Q (Gk)- Let k = (fci, . . . , kd) and k' = (k[, . . . , k' d ,) 
be Hodge polygons. If k' is a sub-polygon of k, then we denote this partial order 
by k' C k. For example (3,2,2,0) C (5,4,3,2,2,1,0). Let 9 : GL d (€? K ) — ► 
Rep cris /Q (Gk ) be the bijection in Theorem A. 

Proposition 2.8. Let V £ Repk. is/Qp (G K ) be such that <d(A) = V. Then V 
is irreducible if and only if for any k' C k there is no A' e GL^'^k) o,nd no 
C G Mdxd'(^x) of rank d! such that C = AA^C" (A 1 A*)' 1 . 

Proof. That V' is a proper subobject of V if and only if D' = T)* lis (V') is a proper 
subobject of D = D* rls (V). By Corollary [231 there is a strongly divisible (^-lattice 
L in D such that Mat(</j|i) = ^4Ak for 0(^4.) = V with respect to a basis adapted to 
filtration L = (ei, . . . , e<j}. That V' C V implies that their corresponding HP has 
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k' C k. We can choose a strongly divisible lattice L' in V such that (e[, . . . , e' d ,) — 
(ei, . . . ,ed)C is a basis in L' adapted to filtration for some C £ Mdxd'(^K) of 
rank d', and such that Mat((/?|i/) = A'A k > with A' £ G~L d ,(0 K ). Thus by simple 
semi-linear algebra we have CA'A k i = AA^C 7 . Thus our assertion follows. □ 

A generalization of Proposition ^. 8l to Rep cris / e (Gk ) is given in Proposition ^. Ill 

Remark 2.9. Let V be any 2-dim crystalline representation of Gk whose Hodge 
polygon is (fc, 0) with k > 0. Then it is known that V is irreducible if and only if 
ordptr (Mat (</?)) = ord p tr(yl • Diag(p fc . 1)) > Our criterion in Proposition 12.81 can 
be used to recover Breuil's classification (see |Br02j ). namely, V is irreducible if 

and only if there is an unramified character r\ such that Q~ X (V <E) rf) — [ 



a 



i> 



for some a p £ m^ . Meanwhile V is reducible if and only if there is an unramified 
character 77 such that -1 (F (g) rf) = I I for some u £ 0* K and v £ 0k- A 



V u 

generalization of this classification to Rep cris / B (G.R-) in 2-dimensional case lies in 
Theorem l5.2f or Theorem D), see more discussion in Section [5Jl 

3. Embedded strongly divisible (^-lattices 

We assume K = Q p a and E is an extension of K . A (^-action on K®q ^-module 
D is an automorphism on D that is defined by <p((ck ® ce)v) = {&{ck) ® c E)<p(y) 
for ck £ K,ce £ E and y £ D. Let MF(if <S)q E) denote the category of filtered 
t/3-modules over K®q E. This category is extensively studied in the work by Breuil 
and Mezard [BM02J . See also |Sa04j for potential version of Breuil-Mezard. There 
is a natural forgetful functor MF (K ®q p E) — ► MF (K) by forgetting E- module 
structure. A free filtered </?-module D in MF(Jf ®q E) is weakly admissible if it 
is weakly admissible as a i4f-module in MF(if) by forgetting the E- vector space 
structure. Let MF a (■) denote the subcategory of MF(-) consisting of weakly 
admissible filtered (^-modules. At present an effective and convenient criterion for 
weakly admissibility (when K is unramified) is via the existence of strongly divisible 
(^-lattices in D (see |Laf80] and |FL82j ). This section explores a generalization of 
this theory from MF ad (K) to MF ad (^T (g> Qp E). 

We define two sets of Newton and Hodge polygons for each D £ MF (K (8>q 
E), embedded Newton and Hodge polygon in Section |3. II and cr-invariant Newton 
and Hodge polygons in Section 3.2. Our a- invariant polygons are essentially the 
polygons of D considered E5S07, Section 3] after normalized by a factor 1/a. 

3.1. Embedded Newton and Hodge polygons. For Sections [3] and [U let k = 

(kj ) j& /ai where kj =(kji,..., k jd ) with fc,i > • ■ ■ > k jd . Write A kj := Diag^- 1 , . 
To be self-contained, we recall some preliminaries in this section, sec [BM02 for 
reference. Let D £ MF (K ®q p E). We identify the following group Gal(Q p a/Q p ) = 
(r 8 )jgz/ a z — Z/aZ that sends each t 1 to i. There is a natural isomorphism 
9 : K (E)q p E — ► JJj^/^E defined by x ® y i-> (a J (x)y) jeZ / aZ , where a is the 
absolute Frobenius on K. Let e a j := (0, • • • , 1, • • • , 0) with 1 at j'-th position in 
Yljez/aZ-E an< ^ ^ Dj '■= e a jD. Then we have an isomorphism 6 : D — ► JT Dj 
as E- vector spaces. For any j £ Z/aZ, let (Dj, Fil) be induced from (D,Fil), that 
is, FiY'Dj := Fil l D n Dj — e^jFil'I?. It is a filtered module of dimension d over 
E. Write HP(Dj/E) = kj. We call HP z/aZ (D) := EP(Dj/E) jeZ/aZ the embedded 
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Hodge polygon of (D, Fil). We say D is effective if kjd > for all j. In the literature 
the set {kji, . . . , &.,d} (without order) is also called Hodge-Tate weight with respect 
to t j (see for instance the notation of Gee |Ge08b[ Section 4.2]). 

By assuming 8ip — p9 on D we have for every x ®y E K (g>Q E and v E D that 

(3) ip((a°x)yv, . . . , (a a ~ 1 x)yv) = ((a 1 x)yip(v), . . . , (a°x)yip(v)). 

Extending by linearity this defines a map p on J7 Dj. This yields an isomorphism 

9 ■■ D — » rij ^ in mf (^ ®Q P #)■ 

Below we shall consider the lattices in £> E MF(ii" (g>Q E). Recall Fontaine's 
notation that a morphism / : (L,Fil) — > (L',Fil) between filtered modules is strict 
if /(Fil l L) = /(£>) nFif Z', where L is an K ® Zp ^-module or K ® Qp S-modules. 
A ip- lattice L over @k <B>z @e in D with induced filtration is a &k <B>z ^-module 
in £> such that 

L<»o K9lr eB (K® Qp E) = D, <p(L)CL, FiPL = Fil*D n L, 

It is a strongly divisible ip -lattice if, in addition, it satisfies (£>(FiPL) C p'L and 



iez 



p-V(Fil'i) 



For if = Q p our strongly divisible lattice is exactly the one defined in Fontaine- 
Laffaille's theorem. 

Lemma 3.1. The induced map 9 : &k ®z p &e — > Iliez/aZ @e is a &k <8>z p @e- 
algebra isomorphism compatible with ip and G(K/Q p )- actions. Moreover, we have 
L — rijez/oz L 3 with Lj=L- e aj over ff K ® Zj) C E . 

Proof. It suffices to show the first statement. As a complete discrete valuation ring, 
&k is generated by one element over Z p and &k — Z p [x]/f(x) for some irreducible 
f(x) E Z p [x] of degree a. Then 

0K®z p 0E = Z P [x]/f(x)® Zp E = {? E [x}/f(x)= H ff E 

since roots of irreducible polynomial f(x) E Z p [x] lies in ^/r and hence i^?£, since 

JfCE. □ 

Obviously the endomorphism ip of D does not induce an endomorphism on Dj . 
However, from $5§ we have that <p(Dj) = Dj-\. Thus we have <p(Lj) C <p(L) PI 
^{Dj) Cin Dj-i = £j-i- Since [L : y(L)] is finite, the inclusion <p(Lj) C Lj_i is 
of finite index for every j E Z/oZ. 

Proposition 3.2. Let D be a free filtered p-module in MF(if ®q _E). ^4ny <p- 
lattice L over &k ® @e in D is strongly divisible if and only if on the embedded 
form L = Iliez/aZ Aj we h ave ^(Fil 1 ^) Q P l Lj-\ and 



(4) ^p-V(Fil%-) = L 



3-1 



/or aH j E Z/aZ. 

Suppose D is weakly admissible then a p-lattice L of D is strongly divisible if for 
every j E Z/aZ t/iat X^ezP^vKFil'-L.,) C ^j-i- 
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Proof. By Lemma l3~T1 we have 6 : FiYL = FLez/aZ Fil J £j and ip FT L-, = JT ■ <p(Lj). 
Hence, 

p-V(Fil J L) - p-V(Fil i n^)=n p -V(FU%0- 

i i 

So, 

(5) 5>-V(Fil'L) = ^n^V(Fil 1 ^)- 

i<=Z iGZ J 

By definition L is strongly divisible if and only if 

(6) 5>-V(Fil J L) = IJVi- 

iGZ j 

Comparing the right-hand-sides of the equations © and ©, we have that L is 
strongly divisible if and only if X^ez£*~V(Fil l £j) = Zy— 1 for every j e Z/aZ. 
Suppose I? is weakly admissible, then by the hypothesis we have 

5>-V(FirL) C L 

iez 
and hence L is strongly divisible by Fontaine-Laffaille theory. D 

Let L be a y- lattice in D with induced filtration. Let ^k be the integral 
parabolic group with respect to kj, as defined in Section 2.1. We say two a-tuples 
(A , . . . , v4 a _i) and (A , . . . , A' a _ 1 ) with matrices Aj,Aj £ GLd(^) are parabolic 
equivalent with respect to k = (kjOj'ez/oZ if there exists an a-tuple (Co, . . . , C a _i) 
with Cj- e J 2 ^ such that ^ = Cj\Aj&j for every j <E Z/aZ. We denote it by 

(A?')jez/az ~k (-4j)iez/az- 

We remark that this equivalence does not imply that the equivalence Aj ^kj A', 
(as defined in fc|2.2|) for every j when a > 2. 

Proposition 3.3. Lei D 6 MF (if ®q E) be free with filtration data HP^/aZ = 
(kj)jez/aZ- Write A^ := Diag(p 3l , . . . ,p kjd ) for every j £ Z/aZ. Tften i/ie 
following are equivalent 

(1) D is weakly admissible; 

(2) i/iere exists a strongly divisible (p-lattice L over 0k ® &e in D; 

(3) there exists a (p-lattice L — LJ Lj over 0k % &e in D such that with 
respect to a suitable basis we have <£>j := Mat(y|i.) = A,Ak, for some 
A, £GL d (0 E ). 

Proof. Laffaille's theorem |Laf80| asserts that (2)=>(1). By Laffaille's theorem 
again, (1) implies there is a strongly divisible (^-lattice L' over 0k- Let L — 
L ' E '■= J2i=i L'si where E — (ei, . . . , e^) over Z p . It is clearly a module over 
0k <8>z @e in the natural way. Since filtration is .E-linear, we can show that L is 
strongly divisible over 0k <8>z e as desired in (2), indeed we have 

^p-V(Fil 4 i) = ^p^p{Vi?L'0 E ) = ^2p- l (f{FiVL')<ff E = L'0 E . 

iez iez iez 

By Proposition 13.21 and Lemma YTM, it is easy to see that (2)<=>(3). □ 

Let MF ad,k (if ® Qp £) be the subcategory of MF ad (IC ® Qp £) consisting of 
objects with HP z / oZ (D) = k. Then we have the following result. 
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Proposition 3.4. There is a bijection between GL d (6 s) a / ~k and MF ad:k (AT(g)Q p 
-B), which sends (Aq, . . . ,A a -i) in Gh d (ff E ) a to a strongly divisible ip -lattice L = 
(Lj)j such that Mat((/?|x,.) = A/Ak with respect to a basis adapted to the filtration. 

Proof. Consider an isomorphism / : (D,Fi\,ip) — > (D,Fil, cp') in the category 
M.F(K ig)Q 25). Let L,L' be strongly divisible ^-lattice (^'-lattice) in 13, 13' re- 
spectively where L' = f(L). By Proposition 13.31 we have Mat(<^|x,.) = AjAj and 
Mat(ip\ L '.) = A'jAkj for some Aj e GL d (ff E ). The restriction maps /(Fil*!)^) = 

FifDj and f(Lj) = L'j assure that Mat(/| Lj ) =: Qj 6 ^k, by Proposition 
H3j;i). Since /</? = </// on £,-, we have Qj-i^AkJ = (^A kj )Qj. That is, 
A'. = Q j _ 1 A.j(A kj Qj 1 A~ 1 ), i.e., A< = Cj^AjC^. We leave the converse direction 
as an exercise to the readers. □ 

It is easy to see that isomorphism classes in MF a (K ®q E) upon a twist of 
an unramified character is in 1-1 correspondence with the set of parabolic equiva- 
lence classes of a-tuple (Ao, ■ • • , A a _i) upon multiplication by units (uq, . . . , u a -i) 
componentwise. 

Let RePc r i S /B (Gk) denote the subcategory of Rep cris / £; (G , K) consisting of objects 
with embedded Hodge polygon HPz/aZ = k. By Proposition 13.41 we may define a 
map 

9 : GL d (0 E ) a / ~ k ^ Rep k rls/E (Gx) 
defined by composing the equivalence functor V* ris and the bijection given in Propo- 
sition [3T4] This is a generalization of Theorem A to Rep cris /^ (G/f ), and we formu- 
late this in the following theorem. 

Theorem 3.5 (Theorem A'). Let k = (kjOjez/** 2 be embedded Hodge polygons. 
Then there is a bijection 

6 : GL d (0 E ) a / ~ k ^ Rcpl is/E (G K ) 

which sends every (Aj)j e GL d (0 E ) a to a crystalline E-linear representation V 
whose D* r j s (V) contains embedded strongly divisible ip -lattice L = Yl-iez/aZ-^3 suc ^ 
that Mat(y|i-) = AjA^., with respect to a basis adapted to filtration. 

Remark 3.6 (Metric on Rep cris / B (Gft-)). Similar to Remark 1 2. 71 we define a metric 
to make Rep k ris / B (Gi<-) a compact metric space. Write A = (Aj)j and A' = (A'j)j 
that represent V and V in Rep cris / B (Gj<-) as given in Theorem A'. Let 

(7) dist(V,V") := I [A] - [A']\ p = sup max \Bj - B'A P 

B.B' jeZ/aZ 

where the sup ranges over all B = (Bj) ^k A and B' = (Bj) ^k A' . 

Let V and V be in Rep cris /e(Gk) of dimension d and d', of Hodge polygon 
HP z/aZ (y) = k = (k,), = (%,..., k jd )j and BP z/aZ (V) = k' = (k^ = 
{kju-.^kj^j, respectively. Let A := (Aj)j in Gh d (ff E ) a and A' := (Afy in 
GL d >(G E ) a \ Let 9(A) = V and S(A') = V. Write 

k®k' := (k j .i,...,k j . d ,k' j ^...,k' jd ,) i( , Ij i a - L , re-order if necessary, 

k % k' := ((fcj\; + kj ti /)i t i')j & z/aZ where 1 < i < d, 1 < *' < d', re-order if necessary, 

A® A' := (Diag(A J ,A , J )) :JeZ/aZ eGL d+d ,(ff E ) a , 

A® A 1 := (Aj $ A;-) jeZ/a z € GL dd ,(^ £ ) a . 
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Proposition 3.7. Let notations be as above. Let V = &(A) be in Rep cris /e(Gk) 
and V — Q(A') be in Rep cris / £ (Gx). Then O induces the following injective maps: 
(1) 



Q : (GL d (ff E ) © GU>{0E)) a l ~k©k' -> Rep^(G^) 

defined by Q(A® A') = V ®V whose imagines are a subcategory o/Rep ® , e (Gk ) 

consisting of a direct sum from Rep cris / B (Gi<-) and Rep cris ; B (Gx)/ 
(2) 

6 : (GL d (^ £ ) (8 GL d .(0 E )) a / ~k®k' «-> Rep^ E (G^) 

defined by Q(A<2>A') = V<E> V , whose imagines are a subcategory of Rep c ® s , E (G k) 
consisting of a tensor product from Rep cris i e (Gk ) and Rep cris , e (Gk)- 

Proof. It suffices to show 

(1) e(A A') = V e V and RP z /az(V © V) = k © k' 

(2) e{A ® A') = V <g> V and HP z/oZ (F ® V) = k ® k'. 

We should give a complete proof for part (2) and omit the relatively easier and 
similar part (1). Let T>* C1 , S (V) =D = Uj Dj and B* lis (V) = D> = 1^. Note 
that J7 Dj ©JT -C'i = 111 Dj ©ZX-. The action of ip with respect to a basis adapted 
to filtration is 

JjMat^luJ © Ma%| D j) = JJ(A,A k .) © (A'jA^.) = Y[(A 3 © 4)(A k . © A k ,). 

J 3 3 

One observes that the tensor product of two diagonal matrices 
A kj © A k , = Diag(p fc ^ 1+fc i.i, . . . ,p^ d+k '^'). 

This shows that the bijection GL d (ff E ) a / ~ k — ► MF ad,k (if ©q^, E) in Proposition 
13.41 sends A © A' to D © £)' . Apply the equivalence functor V* ris on Tannekian 
categories, we have @{A © A') = V* ris (D ©£>') = !/© V'. D 

For completeness and the convenience of the reader, we compile the following 
facts. They are easy to verify by Theorem 13.51 and Proposition 13. 71 

Remark 3.8. (1) Write k = (ko, . . . , k a -i) € Z a . Every unramified character r\ 

lies in RepJ ris / E (G_R-) with k = 0. Namely, r] = 0(u) in Rep° ris / E (G/f ) for 
some w S (^|;) a . 

(2) For any k = (ko, . . . , k a -i) in Z> , write e a g := 0((1, . . . , 1)). In other 
words, D* ris (e a jr) has Mat(</?) = (p k ° , ■ ■ ■ ,p k "~ 1 ) with respect to a basis 
adapted to filtration. 

Every crystalline character in Rep cris / e (Gk) is of the form e a g © 77 for 
some unramified character 77. 

(3) For any embedded Hodge polygon k = (fcj,i, . . . , kj t d)j, let V 6 Rep k ris / B (G/r). 
Let w; := (— Afyd, • • • , — &a-i,d) then the embedded Hodge polygon HP z / aZ (V© 
£a,t«) = {kj,\—kj y d, ■ ■ • , 0)j. This verifies that we may always assume kjd = 
for all j by a twist. 

(4) Let V be a 2-dimensional crystalline representation with embedded Hodge 
polygon HP z/qZ (1/) = k - (kj, (%. 
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(a) If V is decomposable (i.e., split), then we have 

V £ a,fc< 2 > / 

for some fc^ 1 ^ k^ — k and unramified character r\. 

(b) If y is reducible then 

v={ £a f ] * )®r, 

\ £ a,fc< 2 > / 

for some fc^ 1 ^ fc^ 2 ^ = k and unramified character r]. 

(c) Irreducible Vs are discussed in Section [57X1 

3.2. Newton and Hodge polygons and their er-invariant variation. We de- 
fine cr-invariant Newton and Hodge polygons of the embedded filtered yj-module 
D = Ylj Dj over K Cg>Q p E in this subsection. They will play a vital role in our 
Fontaine-Laffaille type theorem developed in this paper, see for example Theorem 
B. These definitions are classical and exist already in the literature under some 
disguise, see for example, |MV07[ Introduction] and [BS071 Section 3]. 

Let HP z/aZ (D) = k = (k jt i, . . . , k jtd ) jeI ,/ aZ . For every i let k t := \ Yl'jZo k ]i> 
then we call the <i-tuple (fci, . . . , fed) in Q d the a-invariant Hodge polygon of (D, Fil) 
over K ® Qp E, denoted by HP a (D/K ® F E). Note that MaxSlope(HP ff (D/^ ® Qp 
E) = ki — kd, and it is equal to k\ when we assume all kjd = (see Remark l3.8f 3)). 
Correspondingly, we define the cr-invariant Newton polygon by 





NP' 


T {D/K® Qp E):= 


: -NP(^ Q |A)) 
a 


We define 








t H {D/K(E}Q p 


E) 


j'eZ/aZ iGZ 


•dim B (Fil 1 (L 


t N {D/K(E)Q p 


E) 


:= -ordp(detQ pa 


(f a \n )). 


Then we have 









t H (D/K® Qp E) = ^fc s: = J2 Z)*i*« 



d 

t N (D/K® Qp E) = ^« t 

where NP <T (D/if ® Qp S) = (ai, ... ,a d ). 

Let tij(D) and tN(D) be defined as in [BS0.3 Section 3], then one can see that 
t H {D/K ® Qp E) = itfl-(-D) and t N (D/K <g> Qp £) = \t N {D). In other words, the 
a-invariant polygons are 1/a multiple of the polygon defined by Breuil-Schneider. 
We formulate these relations as follows: 

Proposition 3.9. The following statements are equivalent 
(i) (D,Fil, if) is weakly admissible. 

(ii) NP CT \D' J K ® Qp E) -< RP a (D' / K ® Qp E) for every sub-object D' of D, and 
equality holds for D. 
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(iii) the inequality ijv(-D' /K®q v E) > tn[P' / K®Q p E) holds for every sub-object 

D' of D, and equality holds for D. 
(iv) tjv(D') > tii(D') holds for every sub-object D' of D, and equality holds for 

D. 

Proof. It is Fontaine and Fontaine-Colmez's theorem [Fo88aj [Fo88b] [CFOOj that 
(i)<=^(ii). See discussion in [BS071 Section 3]. It is well known that (ii)^=^(iii) 
see for example |Fo79j . The equality (iii)<S=^(iv) is clear from remark above this 
proposition. □ 

Remark 3.10. For two dimensional case, suppose D is of embedded Hodge poly- 
gon RP z/aZ (D) = (%,0) ieZ/oZ , then HP CT (£) = (i E ieZ/aZ %,0) = (*i>0)« K 
D is weakly admissible, then NP ff (_D) = (k\ — a, a) for some a > since it 
lies over HP <T (Z)). In Breuil-Schneider's notation, the Hodge polygon is of slopes 
0j Ejez/aZ % an d the Newton polygon is of slopes aa, J2j£z/ai % — aa - 

3.3. Irreducibility. Given any Hodge polygons k = (kj) j£Z / aZ andk' = (k$)jez/aZ 
if k'- is a sub-polygon of k, for every j, then we denote it by k' C k. Let be the 
bijection in Theorem l3.5l we assume that V = 0(A) where A = (Aj)j E GL d (ff E ) a . 
For any Hodge polygon k and A G GL d (ff E ) a let P( 3 ).a ■= I\t=o A i+j+i A k 1+J+1 = 
( J 4 j+ iA k . +1 )( J 4 j+2 A k . +2 ) • • • (AjA kj ), where A k . = Diag(p fe >V . . ,p k ^). 

In the bijection 9 : GL d (0 E ) a / ~ k — > Rep* ris/E (G K ) (see Theorem 1331) we 
identify the pre-image of those irreducible representations in the following proposi- 
tion. Its application in this paper lies in Theorem 15.21 

Proposition 3.11. Let V € Rep* is/E (G K ) and ^(V) =ie Gh d (ff E ) a . Then 
the followings are equivalent to each other 

(i) V is irreducible. 

(ii) There do not exist k' C k of length d! , A' € G~L d :(ff E ) a , and C = (Cj)j € 
M dxd '(& E ) a with rank(Cj) = d' , such that 

(8) Q_r = (AjA^CM'j^r 1 

for all j € Z/aZ. 
(iii) There do not exist k' C k of length d! , A' g G~L d >(0 E ) a , and C = (Cj)j £ 
M d xd'(0E) a with rank(Cj-) = d' , such that any one of equations {3J) replaced 
by 

(9) Ci = Pu) >A -C3-{P{i),A-T l 

Proof. The equivalence between parts i) and ii) follows the same argument as in 
that of Proposition 12.81 combined with our results in Section [3] for Rep cris / B (Gj<-), 
hence we omit it here. The equivalence of parts ii) and iii) can be seen by iteration 
of © a many times and arrive at ©. □ 

4. Constructing embedded Wach modules 

We prove Theorems B and C in this section. Our tool is strongly divisible 
lattices in Section [3l and theory of Wach modules developed by Fontaine, Wach 
[Wa96j . Colmez [Up99 , and Berger [BE04] . It should be evident to the reader 
that we benefit especially from recent papers and exposition by Berger IBE04J and 
Berger-Breuil |BB04j . 
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4.1. (ip, 7)-equations and basic arithmetic. This subsection contains some es- 
sential yet rather technical results we shall need in the rest of paper. For this 
subsection (only) K and E are complete discrete valuation fields of characteristic 
with perfect residue field of characteristic p. Write /z p °o for the set of all p-power 
roots of unity in K and let IV = Ga\(K (p p °°)/K). Let \ be the p-adic cyclotomic 
character Gk — > 2 p *, which in fact factors through Tk, defined by g(C) = ( x ^ for 
any g G Gk and £ G p p *=> . Let 7r be a variable. For any 7 6 Tk, let (p, 7 be i5-linear 
operators on i^[[7r]] <S>q E commuting with each other such that </?(7r) = (1 + ir) p — 1 
and 7(71") = (1 + tt) x ^ — 1. Let </? acts er-semilinearly on K, where a is the absolute 
Frobenius on K. 

Write q = lp(tt)/tt. Notice that q 1 ^ 1 G 1 + 7rZ p [[7r]]. For any integer 6 > 1 let 

A5 := n^Lo ~ — ■ ^ is n °t hard to see that At G 1 + 7rQ p [[7r]]. Even though 
Ah does not lie in Z p [[tt]] for b > 1, we have A^ - G 1 + irZ p {{ir]] (since Ajp = 
n^Lo L P hn { ( l 1 ^ 1 ))- Recall definition of 2% c ,e from the end of Section [TJ It is clear 
q/p = 1 + 7T + - ■ ■ + p _1 7r p_1 G & p -i.Q p . In this paper our convention is g v ~ 1 = '^p- 
for any g. 



y 



Lemma 4.1. (i) For a power series h 6 1 + 7r_B[[7r]] there is a unique g G 

1 + 7r_B[[7r]] such that g v ~ 1 = h for any b > 1. Let c be any nonzero 
number, then we have h G & C ,E if ond only if g G 2% C ,E- (In particular, h 
is integral if and only if g is integral.) 
(ii) Let notation be as in Part (i). Let f((p, 7) G Z[ip,j]. Then g v _1 = 
(q/p) h- as a unique solution g £ 1 + 7ri?[[7r]] and g — \ ly - vn ' . More- 

over, we have A^ G 3^ p -i^ p . 
(iii) Part (i) holds if ip h — 1 is replaces by (p b + 1. The unique solution to 

</ +1 = {q/py^ ] isg = x^te'iX*'- 1 ). 
(iv) // 7 G r^ has infinite order, then for any / G 1 + 7r_E[[7r]] ; there exists a 
unique h E 1 + 7r_B[[7r]] satisfying h 1 ^ 1 = f . 

Proof, (i) Let g = ^^LoS™ 71 "™ with g$ = \. We shall prove our assertion by 
induction on n. Suppose we have gi, . . . , g n -\ G E such that g v = hg mod 7r n . We 
claim that there exists a unique g n G E such that g v = hg mod ir n+1 . Comparing 
the coefficients of ir n we see that the latter congruence is equivalent to 

(10) g n = gf P nb + V n 

where V n G Z p [hi, . . . , h n , gf , . . . , g^-i]- Let ip '■ E ~* E be defined by sending 
g n to gf x p nb + V n . It is clear that \j) is a contraction map on the complete p-adic 
field E, then by Banach contraction mapping theorem there exists a unique g n G E 
satisfying ip{g n ) — gn- This proves the existence and uniqueness of solution g. Now 
suppose h G & c ,e, we shall show ord p g n > — — for all n > 0. This clearly holds for 
n = 0. By induction we may suppose it holds for all g\, . . . ,g n —\. Recall, in (|10p 

above, V n = -h n + J2t< n 9t a t - J2 s +t=n,t<n hs 9t for some a t G Z p . So we have 
OTd p V n > min(ordp/i„,min t<n g t ,min s+t= „ it< „ordp/i s 5t) > -2 by our inductive 
hypothesis. Thus ord p g„ = ord p (g n — g% p nb ) = ordpV^ > — -. This proves our 
claim that g G 3$ c ,e- The converse direction follows from a similar only easier and 
we shall omit its proof here. 
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(ii) The first assertion follows from a direct verification. Since q/p G & p -i t Q 
_i ; q . But it is clear that A& is a unit in 88 p —\,q and hence 



we have A 6 1 G 



Xb G &p-\,Q p - 

(iii) These follows from parts (i) and (ii) where we proved the existence and 

uniqueness of g to g v _1 — h v , that is g v +1 = h. 

(iv) Since -E[[7r]] is 7r-adically complete, it suffices to show there is a unique 
solution h G i + 7T-E[[?t]] such that 

(il) h'<- 1 - / = mod tt" for all n > 1. 

ft is clear for n — 1 and suppose it holds for n. Write h n :— (h mod 7t" +1 ) = 
h n -i+ir n H n with H n G E and /„ := Y17=0 JRf" = (/ mod tt" +1 ). By our inductive 
hypothesis, we should write h^Zi — fn-i — ^ n Rn-i for some R n -i G i?[[7r]]. Then 
(fTTjl is equivalent to 

(12) ((TWA)" - 1)#« = F„ - i^-i mod tt. 

But j(tt)/tt = x(7) mod 7r, since 7 is of infinite order we have x(7)™ — 1 7^ in Z p . 
Therefore, (TT2|) has a solution in £? and this proves our claim. □ 

As an application of the above lemma, the following key lemma will be used in 
Proposition l5.7l when we come to consider 2-dimensional representations. 



Lemma 4.2 

(13) 



(i) The following system of equations for all j G Z/aZ 

Bj-l=t$, t J _ 1 =q^ k >sJ if jet/ 



5.7-1 



(l-7)fcj s f 



9 



j 



*i-i 



/ias a unique solution set £1 := (sq, 



1 s a -i,ioj 



, t a -i) with each Sj,tj G 



i + 7rZp[[7r] 



_ X (l-7)/j(^) . _ x (l-7)9j(¥>) 

Sj — A fc , tj — A fc 

/or b = a or 2a and for some polynomials fj(<p),gj((p) in variable if and 

with coefficients equal to some algebraic combinations of ko, . . . , fc a -i- 
(ii) We have b = a if and only if j^srf is even; and b = 2a if and only if #&/ is 

odd. 
(iii) Let Sf be the solution set of (ho, . . . , h a —\) in _E[[7r]] a to the following system 

of ^-equations for all j G Z/aZ 



(14) 



,7-1 



s,-i 



t 



i-i 



Then we have 

<? n (i + nE[[n}}) = (Af - l(v) - / - l(v) ) J - e2/aZ G #»_ liQp 

anrf^=(S*Af- l(v) -^- l(v) ) jWaZ . 

Proof, (i) and (ii). In the solution set =2, if any two entries A, B satisfy an equation 
of the form A v = uB for some unit u G f + ttZ p [[7t]] of the form g( 1 ~7)/0) f or some 
/(<£>) G Z[(/?], then we mark a directed path from A to S in i2, denoted by A — > 
For any j £ ^ we have tj -^ Sj-i and Sj — * tj—\\ For any j G 88 we 



B 



have 



c i-i 



and 



s i-i 



This shows that the directed graph of the 
solution set J? consists exactly two disjoint a-cycles or exactly one 2a-cycle: The 
walk initiated from Sj will travel to Sj_i or tj—i, and so on, this walk will return (for 
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the first time) to Sj or tj after a steps. If it returns to Sj then it forms an a-cycle. 
By symmetry, its complement is an a-cycle containing tj] On the other hand, if it 
returns to tj after a steps, then by symmetry again, this walk will return to Sj after 
a steps, hence it forms an 2a-cycle. Every directed path obtained in this manner 
initiated from Sj (or tj) indicates an equation of the form sj ~~ = gv7 -1 )/*((p) (or 

t^ ~ = gCT -1 )*'^)) for some polynomials fj(f),gj(^p) G <^M whose coefficients 
are algebraic combinations of k$, . . . , fc a -i- Note that o 7_1 = (o/p) 7_1 , we may 
apply Lemma 14.11 (ii) and obtain unique solution Sj and tj both in 1 + 7rZ p [[7r]]. 



In particular, Sj = X b (and tj = X b 1 ' 9l{ip ' respectively) for the system 

sf' 1 = (q/pYf-VMrt (and tf^ 1 = {q/p)^- l ^Af) respectively). 

(hi). By Lemma I4~l7 iv). there is a unique solution (hj)j to (fT4")l ; Using notations 
from the first part of this lemma it is easy to check that hj = A^ _1 ^- l}(v \ Note 
that hj G M p -i^q p since Xb G -^p-i^ and the ring M p _i^q p is closed under ip. D 

Below we prove some basic arithmetic of Banach contraction maps, which we 
shall use Proposition 14.91 

Lemma 4.3. 1) Let 25,®' be two p-adic contraction maps on Mdxdi&E)- Let 
Z, Z' be their fixed points respectively. Suppose that for all x G M^xdi^E) uie have 
ord p (0(a;) — &'(x)) > m > then we have ord p (Z — Z') > m. 

2) For any M, M' G GL d (^ B ) we have ord p (Af- 1 - M'~ x ) = ord p (AI - M'). 

3) Let Mj,M^ e GL d (^ B ) and Bj € M dxd (ff E ) for allj = l,...,n then 

ovd p (\J MjBj - Y[ M'jBj) > min(ordp(M 7 - - Afj)), 

3 3 

ordp(JJ BjMj- 1 - ]J BjM'J 1 ) > min(ord p (Af J - M'j)). 

3 

Proof. 1) By setting x = Z our hypothesis gives ord p (Z — <3'(Z)) > to. Then 
ord p (©'"(Z) - & n+1 (Z)) > ord p (Z - &{Z)) > to for all n > 0. So ord p (Z - 
& n {Z)) > m for all n > 0. Hence ord p (Z - Z') > m as Z' = lim^oo & n {Z). 

2) One only has to observe that M'~ l - Af" 1 = M'~ 1 (M - M')M~ l and then 
take p-adic order both sides. 

3) Use induction argument on j > 1, the first inequality easily follows. The 
second follows by a similar argument and part (2). □ 

4.2. Embedded Wach liftings from MF ad (K <S> Qp E). The goal of this sub- 
section is to prove Proposition 14.71 which will be the key ingredient in proving 
Theorems B and C in Section 14.31 We first take the liberty to recall without 
proof some fundamental notions, many of which can be found in [Wa96 ,[Co99j, 
and BE04J. Retaining notations from Section[31 let D — Yijei,/aZ^3 ^ e a wea kly 
admissible filtered (^-module in M.F ad,u (K ®q p E). Let L — LJ Lj be an embed- 
ded strongly divisible (/j-lattice of D. Assume kjd — for all j and write k\ :— 
lY, j& /azhi = MaxSlopc(HP CT (U/K ® Qp E)). Fix A kj = Diag(p fc ^, . . . ,p k »). 
Write Pj = Mat^l^.) — AjA]^ for some A, G GL^^s), with respect to basis 

adapted to filtration. Then Mat(( ( c a |L i ) = P(j) '■— II"=o Pe+j+i with the subindex 
£ ranging from to a — 1 (necessarily in this order) in Z/aZ (since if acts on E 
as identity). Recall from Theorem 13.51 that every (Aj)j G GLd(0E) a determines a 
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V G Rcp cris (i{r<g)Q E). Recall (^-action on A^ is given by <p(7r) = (1 + 7r) p — 1. Let 
q := (p(tt)/tt = ((1 + tt)p - 1)/tt. Fix A kj = Diag(g^, . . . , q k ^) G M dxd (Z p [ir]). 

Recall that an etale (<p, r)-module M over A^ ®z p &e is a Ak®i p ^-module of 
finite rank, with continuous and commuting A^-semilinear and (^-linear ip- and 
Tk -actions such that p{M) generates M over Ak ■ Fontaine's functor D : T — > 
D(T) associates any de Rham ^-linear representation T of G^ to an etale (p, T)- 
module over Ak ®z p &e- By inverting p, one also gets an equivalence of categories 
between the category of -E-linear representations and the category of etale (p, T)- 
modules over Bjf <g>q p E. Let MF (B \ ®q p E) be the category of filtered (^-modules 
over B^. (8q p E. Any object N in MF(B^ ® Qp E) may be written as N = ]\ j Nj 
according to the split B^- £g>Q p E — FT B^. 

For any (D,Fil, <p) in MF ad,k (^ ®(j p E), we define an embedded Wach module 
N in MF(Bj ®q p 2£) attached to it (if such N exists) as a free Bj- <g)Q p _E-module. 
Write N = Yijez/aZ Nj wriere Nj is a free B^-module of rank d such that the 
following (first) 6 conditions are satisfied 

(1) FiTNj := {x G N 3 \p(x) G ?%_!}, 

(2) we have isomorphism 0j : Nj/7rNj — > Dj as filtered .E-modules. Write 
tpj := (plisij also for induced map on Nj/-7tNj, we have ipj9j — 9j-iipj, 

(3) every 7 G T^ acts continuously on FJ . Nj, preserves Nj and 937 = 7^, 

(4) Tk acts trivially on Nj/7rNj for every j, 

(5) HP(^| Nj/B +) = Diag(g fc ^, . . . , q k ^), 

(6) The (<p, r)-module generated by N is etale. 

(7*) Nj contains a Aj-lattice N(T)j that is r^-stable and (p(N(T)j) C N(T)j_i. 
We shall call this process of constructing Wach modules from weakly admissible 
filtered (^-modules embedded Wach lifting. They form a subcategory MF a (B^(8>q 
E) in MF(B+® Qp E). The A+ ® Zp ^-module N(T) := npj N(T)j in (7*) above 
is called integral embedded Wach module. It is a full lattice in N. Below we shall 
prove two twchnical lemmas in preparation for Proposition 14.71 



Lemma 4.4. (i) Suppose s G M dxd (0 E [[Tr}}) such that q akl s~ l G M dxd (tff E [[ir}}). 
Set f(s,b) =b-sW a a-i. If(b n -j mod n n ) G M dxd (0 E [ir]) such that f(s,b n -i) G 
TT n M dxd ((?E[[^'}]) for some n > k\, then there exists a unique b G Mdxd(^£[[7r]]) 
with b = b n -i mod 7r™ such that f(s, b) = 0. 

(ii) Suppose kji > . . . > kj, d —i > kj d = and suppose s — P(o)- Then the above 
statement holds for n > k\ . 

Proof, (i) Write b n = J27=o^ i7Tt - By hypothesis, we write f(s, 6 n _i) = 7r"i? n for 
some R n G M dxd (ffE[[^]])' Then we have 

f(s,b n ) = f(s,b n ^)+7r n (B n -q an sBfs-"') 

= n n {B n - q^-^sBfq^s^ + R n ). 

Notice that q = p mod n, and thus p akl s~ 1 (0) G M dxd (&E)- We claim the following 
equation has a unique solution B n G M dxd {0E)'- 

(15) B n = p a ^- k ^s({))Bfp ak 's{0)- 1 - R n (0). 

For n > k\ the map sending any matrix B n to the right-hand-side of the above 
equation is clearly a p-adic contraction map on M dxd (0E), hence our above claim 
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follows from the Banach mapping theorem. Since q akl s~ l G M^dC^s!! 71 "]]) and 
g 7-1 G 1 + 7rZp[[7r]], we have f(s,b n )/n n G TrM dxd (0 E [[Tr]]) and therefore we have 
R n +i £ Mdxd(&E H 71 "]]) as claimed in our induction. This finishes the proof of part 

(ii). Suppose n = k\ (only when k\ is an integer). Since s(0) = (0 T |*) mod p and 
p akl s(Q)~ l = (i) modp, one can derive via a calculation that the map 3 : B n — » 

B n - s(0)P£'V^ 1 s(0)~ 1 + P„(0) induces an invertible map on M dxd (ff E /m E ). 
Hence f(s, b) = has a unique solution for b modulo (p, w). By Hensel's lemma we 
may lift it to a unique solution to b G Mdy.d{^)E\\K\]). □ 



Lemma 4.5. Let N = ]\ j N 3 G MF(Bj ® Qp £J) be given by Ma,t(ip\ Nj ) = P, and 
Mat( 7 |^)j= G 7J . Tften Ma% a |^) = P (j) := fi££ <p l (Pi +j+ i) = P 3 +i ■ <p(P j+ 2) • 
• ■ ■ ■ <^ a_1 (Pj) where subindex lies in Z/aZ. XTie following statements are equivalent: 

(1) we Ziaue ^57 = 7^ on N /or every 7 £ Tx- 

(2) we ftave 

/ Po \ /" 6^ rl \ 

Pi 



V 



Pa- 



/ 



°7,2 



\ 



G 



7, a— 1 



G 



- ■<> 



G* 






\ / 



P{ 



7,a— 2 



/ V 



p 



P 7 



\ 



/ 



m IlpO N J- 



7J-1 



p 



■7 _ 



PjGTjforjeZ/aZ. 



(3) G 

(4) Replace an equation in Part (3) G 7]J _iP 7 = PjGZ ? - by i^e following equa- 



tion 



(16) 






P U)Gli 



Proof. We will only discuss the proof of (4)^=>(3) as the rest are straightforward 
computations. Suppose Pj's are given for all j G Z/aZ. Let G 7J be a solution to 
the equation (|16[) for a particular j, then we can recover all G 7J - with j G Z/aZ by 
the equations in Part (3). These G 7J 's clearly are solutions to the system. □ 

Remark 4.6. We can consider the above embedded Wach lifting T : MF a (K ®q 
E) — ► MF ad (B^ ®q p E), via the bijection of Theorem 13.51 as an explicit con- 
structing map T : GL d (0' E ) a — > GL d (^[[7r]]) a defined by T((A,)j) = (&j)j such 
that the matrices Aj G Aj + TTMdxd(^E[[^]]) satisfy certain commuting property 
with Gj's (as in the above lemma). 

Proposition 4.7. Let n > k\ (and n > k\ if kj\ > . . . > kj }d -i > kj td = 
0). Suppose Aj G GLd (£?£[ [71"]]) lifts given Aj and suppose G 7j!rl _i lies in Id + 



■kM, 



dxd\ 



?Em 



such that G 



7>i-i,«- 



-1 _ P ] G l 



.iPp G n n M dxd (& E [[ir}}), then 
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there exist unique G 7J = G 7Jin _i mod ir n in Mdxd(^E[[^}]) such that for every 
j € Z/aZ we have G 7 j_iP 7 = PjGZ .,■■ 

Proof. Apply Lemma [4.4l to s = P( ) we have a unique solution G 7i o = G 7 ,o,n-i mod 
ir n as desired. We obtain the rest G 7J with j G Z/aZ by the simple formula 
G 7J _i = PjGt jPj" 1 where Pj = A,A kj . By Lemma [4. 5 1 especially the equiva- 
lence between part (3) and part (4), these G 7J - are precisely the unique solutions 
to the given system. □ 

Remark 4.8. If in the hypotheses of Lemma [4.41 and Proposition 14.71 the ring &e 
is replaced by any unit disc in any p-adically complete space, for instance <^e[[A]], 
an analogous statement still holds. We shall use this more general version of the 
proposition in the proof of Proposition [ 



4.3. Continuity of embedded Wach modules. Pick m — \k\\ + 1 (and m — 
\ki~\ if kj\ > ... > kj.d-i > kjd = 0). Given Aj E GLd(^E), suppose we 
may obtain Aj = Aj mod ir and G 7Jim _i satisfy the hypothesis G 7 .j_i jm _i — 
PjG 1 ? j m _ 1 Pj~~ t € Tr m Mdxd(^E[[^]]), then by Proposition 14.71 we have a unique 

G 7J G 1 + irMdxd(0E[[Tr]]) lifting G 7J , m _i such that the system in Lemma I4~5l 3) 
is satisfied. This Wach lifting process, for any given Aj, yields a map 2U : Tk — > 

Ujez/az M dxd{@E[[x]]) given by 7 ^ (G 7J ) ieZ/aZ . 

Proposition 4.9. Let notation be as above paragraph. The map 2U defined above 
is continuous (p-adically). 

Proof. Fix Aj e GLd{@E)- In the above defined Wach lifting process it suffices to 
show for a fixed 7 £ Tk the map (Aj, G 7 .j !m _i) 1— > G 7J - is continuous in the sense 
that for Aj e GL<i(&e) we have 

ord p (G 7J - G 7j ) > min(ord p ( J 4 i - ^),ord p (G 7J , m _i - G'^j^^)). 

Consider the contraction map on Mdxd(^E) for given Aj defined by : B m 1— » 
p Q (m-fei) p^B<£ paki p-i _ i? m (0) as seen in the proof of Lemma I4T41 (in particu- 
lar, see ([T5J0 . Let & denote the map corresponding to given A',. Recall P( ) = 
Y[j AjAkj (how subindex j ranges does not affect the proof below so we do not 

deliberate), then P ( ' 0) = Y[. ^A kj . We write p aIl P^ = Uj ^k^J 1 where A k 3 = 
p kjl A^ 1 is diagonal in Mdxd(^E)- We observe easily that ord p (6(P m ) - &(B m )) 

= a(m - h) + ord p {P (0) Bf lP a ^P^ - P[ 0) B% 'p* P'^) 

> min(ord p (Q^A kj - J[ ^A kj .), ord p (Q A k . Aj 1 -JJ K^'J 1 )). 
3 3 3 j 

Applying Lemma 14.31 (3) here we have 

ord p (0(P m ) - <8'(B m )) > min (ord p (A, - A',)) 

for all B m in Mdxd(^E)- Notice that 7r m -coefficients of G 7J is the fixed point of 
the map (S above. Applying Lemma l4.3f l) we have 

ord p (G 7J - G Tj ) > min (ord p (^- - A'^)) > min (ord p (A J - %)). 
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This finishes our proof. □ 

Recall that 3% c% e is the ring of power series ^2 s= oO- s n s m -^IM] with ord p a s > 
— |. Let x be the cyclotomic character on Yr- For any 7 £ T^ let /3 7i „ := 
nr=i(x(7) 4 - 1) for any n > 0. 

Proposition 4.10. Let 7 G Tk be of infinite order. For any given diagonal matrix 
G 7J - G Id + 7rA J f c i XC ;(i^ > £;[[7r]]) and ordpAj — 0, there is unique Aj = Aj mod ir in 
Mdxd(E[[ir]}) with ir n -coefficients in /3~„€?e such that Gjj-iP? = PjG't • for all 
j G Z/aZ and for all n > 0. In particular, if Aj G GL^^e) £/ien i/iere exists a 
geometric generator 7 ofTx such that we may have lifting Aj G Md X d(^(p-i) 2 /p e) 

Proof. Write Sj, n := X^=o ^j.r^ r in -MdxcK^ElI 71 "]])- Let / be defined as 

for j G Z/aZ. We claim that for every n > there exists a unique Sj.„ in 
^M dxd (0 B ) such that /( Sj , „) G 7r"+ 1 /3- r 1 l M dxd (^ E [[7r]]). Notice that for s' j>0 = 
j4j we have /(sj.o) £ 7rMdxd(^E[br]]) by hypothesis. By induction we may write 
f(sj, n -i) = -ir n Rj,n-i with Rj, n -i G /3~ ^_ 1 M dxd (<? £ [[tt]]). As sj,„ = Sj>-i + 
Sj t n^ n , we have 

Since (x(7) n — l)^,^ = Pj,n-i(0) mod 7r has a unique solution Sj <n in (x(7) n — 
l))" 1 0~^iM dxd {0 E ) and hence Sj, n G ^ 1 n M dy.d{@E)- Since G 7J - are diago- 
nal and that q^- 1 G 1 + 7rZp[[w]], we have A^.G^A^ lying in M dxd (0 B [[ir]])- 
Hence /(sj,„)/V G /87,n-Wdx«i(^B[[7r]]) and therefore i?j,„ = /(s J>i )/7r n+1 lies in 
/9~^Md X d(^ > E[[7r]]). This proves our claim and hence we have a unique solution 

Aj := limn^oo s Jin = X^^Lo ^j.n^ n as the 7r-adic limit. 

From the above, for every j G Z/aZ and n > we have ord p Sj jn > — ord p /3 7jn 
for any 7 G T^ of infinite order. Note that inf 7g rv or d P /3 7 , n < [ ( "^y J for p^2 
(see |BE041 IV.I]). We may choose a suitable generator 7 G T^- (of infinite order) 
such that ordpSj.n > — ord p /3 7i „ > — N _"\2/ J for all n > 1. This proves that 

A7 = S^Lo ^j,™ 71 "" bes in M^xdO^p-i) 2 „)• By the continuity of the Wach lifting 
as shown in Proposition ^. 9[ our statement follows. □ 



Below in Theorem l4.12l we should prove a result generalizing [BE04I Proposition 
IV.I. 3]. Namely, we will show that if N(T) is an integral embedded Wach module 
defined by (Pj, Gj) with Pj = Pj mod 7r then for any P- in a small p-adic neigh- 
borhood of Pj we can find an embedded integral Wach module N(T') that is close 
to N{T). 

Lemma 4.11. Let G G Id + TrM dX d(&E[['x]])- Then there exists a unique M G 
M dxd (^( p _i)2/ P]E ) n Id + TrM dxd (E[[TT}}) such that GAP = MG. 

Proof. This proof is similar to that of Proposition 14.101 above. Write f(M) = 
GW - MG. For any n > 0, write M (n) = M + Mm + ... + M n ir n . We should 
show by induction on n > that there exists M n G 0Z^M dxd (^E) such that 
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f(M(n)) E T: n+1 f3- 1 n M dx 4& E [[7T}]). This is clear for n = 0. If it holds for n - 1, 
then /(M (n _!)) = tt"/?^!) for some i? ( „_ 1} E ^_ 1 M dxd (^[[7r]]). We have 

f(M (n) )/TT n = /3-Li-fyn-i) + 7T"^- 1 )GM„ - M n G 

- ^-i-R(n-i)(0) + ( X (7) n - 1)M B mod 7T. 

There is a unique solution to the last congruence M„ = (x(7)™ — l)~ 1 /3~j l _ 1 i?( n _i) (0) 
lies in j3~^ n M dxd {ff E ) as we claimed. On the other hand, we observe that f(M^)/n n E 
l3- l n M dxd (0 E [br}}) and hence R {n) E 0-^M dxd (^ B [[ir]]). This finishes the proof 
of our induction. By a similar argument as in Proposition 14.101 we see that M E 

M dxd {^ {p _ 1)V ^ E ). □ 

Theorem 4.12. Write e = [(to— l)p/(p— 1) 2 J where to = [fcij+l (or m — \k{] if 
kji > . . . > fcj,d-i > fe id = o). Lei L> E MF ad (E ® Qp if) wit/i Mat^l^-) = A,A kj 
/or some A,- E Gh d (ff E ). Suppose D can be lifted to an integral embedded Wach 
module N(T). Then any D' E MF ad (£ , ® Qp K) with Mat(^| D /. ) = A'jA kj and with 
ordp(A'- — Aj) > e + i can be lifted to an integral embedded Wach module N(T') 
such that 

N(T') = N(T) mod m E . 

Proof. Let {Aj A k , G-yj) be the matrices of (ip, 7) that defines the integral embed- 
ded Wach module N(T). Since Aj = A 3 mod p n we may write A'j = (Id+p n Mj)Aj 
for some matrix Mj E M dxd {G E ). By Lemma T4.11I above, there exists (a unique) 
Mj = Mj and Mj E M dxd (p c '&&-!)' / p ,b) sucn that G 7 j_iA/J = MfG 7li _i 
(where C = ord p Mj). Write M,-, m _i := (p e M,- mod7r m ), it lies in M dxd (ff E [n}) 
and we have 

Therefore, 

G 7J _ 1 (Id + p"- £ M,- m _ 1 )'' - (Id+p n - e M i , m _ 1 )G 7)j _ 1 G 7r m M dxrf (^ £ [[^]]). 

Because Id + p n ~ e Mj jm _i lies in GLd(^j5[[7r]]) we may multiply its inverse on the 
right-hand-side of the above equation and get 

G 7 , J _ 1 -!;A k ,G 7j (^A k ,)-^ 

= G 7J _! - (Id + p n - £ M J , m _ 1 )G 7J _ 1 (Id + p n - £ M J , m _ 1 )^ 
e ^ m M rfxd (^[[^]]). 

Then we shall apply Proposition 14.71 to find the existence of integral matrix G' ■ 

that will make G^.^AkjT = ^A k .(G 7) ^. Hence (A'jA kj ,G' ltj ) defines an 
integral embedded Wach module N(T'). If we write n = e + i with j > 0. Then we 
have 1^. - Aj E p i M rfxd (^ B [[7r]]) and hence A'j = Aj mod m J B in M dxd {@ E [W\]). 
Therefore N(T') = N(T) mod m E . D 

Let I • |p be the metric defined in Remark 13.61 

Corollary 4.13 (Theorem C). Write e = [(m — l)p/(p — 1) 2 J where m = L^iJ + 1 
(or to = \k\\ if kji > . . . > fcj,d-i > kjd = 0). Let V, V E Rep cris ; £ (Gif) iot£/i 
Galois stable lattices T,T', respectively. I/N(T) exists, and i/dist(V, V') < p~(' i+e ) 
tfien N(T') exists and N(T) = N(T') mod m l E . 
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Proof. By Theorem EH it remains to show that N(T) = N(T') mod m J B . Write 
A, ^4' in GLd(^£;) a for representing V, V respectively according to Theorem A'. By 
our hypothesis and by Remark 13.61 we have ovd p {Aj — A'A > i + e for every j. By 
applying Theorem 14321 we conclude that N(T) = N(T') mod m^. D 

Below we use our result above to show that when fci < p — 1 we can lift every 
strongly divisible lattice to a lattice in an etale (ip, r)-module of Fontaine. (When 
K = Q p this is known to Fontaine-Laffaille.) In fact, in this case there is an integral 
Wach lifting map T : GL d (0 E ) a / ~ k — ► GL d (^ s [[7r]]) a (see Remark[D)|). 

Theorem 4.14. Let ki < p — 1 (and ki < p — 1 if kji > . . , > kjd-i > kj d = for 
all j 6 Ifal). Then every embedded strongly divisible lattices in a weakly admissible 
filtered tp-module D = D* lis (^) ofUP^/aZ — k can be lifted to an embedded integral 
Wach module. 

Proof. Choose a (geometric) generator 7 6 Tk as in Proposition ^. 101 Since for 1 < 
n < p — 2 we have x(l) n ^ 1 mod p, we have ord p /3 7 , n = (where /3 7 , n is as defined 
in Proposition [410)1 . So (A, mod tt p ^ v ) in Proposition [4~T0l lies in Mdy.d{^E[[^}})- 
Since k\ < p — 1 (fci < p — 1 if fcj,d_i > 0) we may apply Proposition 14.71 to 
(Aj mod 7r p_1 ) above and G 7 .j jP = Id, and obtain the desired integral matrices Pj 
and G 7J . Since Tk is geometrically generated by 7 and the Wach lifting map 2U is 
continuous by Proposition 14.91 these matrices defines an embedded integral Wach 
module. □ 

Theorem 4.15 (Theorem B). Let k\ < p — 1 (and k\ < p — 1 if kji > . . . > 

kj,d-i > kjd = for all j G Z/aZJ. For any Galois stable lattice T in V 6 
Rep cris / B (Gx), D* ris (T) is a strongly divisible lattice in D* ris (F). Conversely, 
every strongly divisible lattice L in T)* cvis (V) is for the form L = D* ris (T) for some 
Galois stable lattice T . 

Proof. For the first statement we shall show that L :— N(T*)/7rN(T*) is strongly 
divisible over &k®% @e in D* ris (y). By our construction above and the hypothesis 
on weight, we know that the filtration induced on L from N(V™) and that N(T*) 
are identical. Split L = iliez/aZ-^i' we nave Mat(y|i j ) = AjA^ and hence L is 
strongly divisible by Proposition 13. 31 

Conversely, by Theorem 14.141 and our hypothesis, every strongly divisible lattice 
L of D* ris (F) is lifted to an integral Wach module N(T*) for some Galois stable 
lattice T* of V. Write T for the dual of T* . Notice that in this lifting, the filtration 
on N(T*)/ttN(T*) coincides with that induced from N(T/*)/ttN(T/*). Then by 
BE04, Theorem III. 13] and the discussion at the beginning of Section |4"T21 we have 
D* ris (T) = N(T*)/ttN(T*) = L. This proves Theorem B. □ 

5. Mod p reduction of crystalline representation in dimensional 2 

CASES 



5.1. Classification of crystalline mod p reductions. Let q = lp{-k)/-k = ((1 + 
tt)' p — 1)/tt = ir p ~ 1 + . . .+p. For any V G Rep cris / B (G_R-) we shall denote the (^-action 
on D := D* ris (F) =Uj&/aZ D i by Mat (^) = (Ma%|i, ) J ... > Ma%|D.- 1 )). Let 

k = (fco, . . . , /c a -i) £ 2">oi an d let e a t be the crystalline character of Gk whose 
D* ris (e a j) has Mat(^) = {p k °, ■ ■ ■ ,p ka ~ 1 ), same as that given in Remark \3M 2 ). 
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Let e a be the crystalline character in RepW, ^(Gif) such that D* ris (e a ) has 
Mat(y) = (p, 1, ...,1). Note that £1 is the cyclotomic character of Gq and 
riiez/aZ £ a = e i- Then we have e a = w a mod p where uj a is a fundamental charac- 
ter of Ik (extends to Gk)- Notice that e a g = rK=o £ajCT ■ We nrst P re P are some 
simple fact about crystalline characters and their reduction. 

Proposition 5.1. Every crystalline character V of Gk of embedded Hodge polygon 
HPz/oZ = (fcoi ■ ■ ■ j feo-i) G ^>o * s °f the form £ a %®rj for an unramified character 
r\. We have 

eg = uj a modra £ . 

The etale (y, T) -module D(e a g) over Z p [[7r]] is determined uniquely by 

M a ,t(cp) = (q k <>,... 1 q k °-i)eZ p [ir] a . 
y* _ ^ ^ k pi 

The etale (<p ,T) -module D(a; a jez/aZ ) over F p [[7r]] is determined uniquely by: 

Mat(y>) = (tt^- 1 ^ , . . .,7T (p - 1 ) fc "- 1 ) G F p [[7r]] Q . 

Proof. By Remark l3.8( 2) we know that V = e a g <8> 77 for some unramified character 
77. By Wach theory in Sectioned D^ ris (e a g) has Mat(<p) = (g* , . . . , q^- 1 ). Write 
D* ris (e a g) = rijez/az ^j> then by Lemmas 14.51 and l4~TT ii) we found that there are 
unique solution to Mat (7) for every 7 G IV . Take mod p reduction on D(e a g) over 
Z p [[7r]], we obtain the desired (ip, r)-module over F p [[7r]], our assertion follows by 
Fontaine's theory of (ip, r)-modules. D 

Classification of 2-dim irreducible crystalline representation in Rep cris /Q (Gk) 
was done by Breuil, see |Br001 Lecture 5] (see also |Br021 Section 3.1] and [BM021 
Section 3.1]). Our goal here is generalizing some of his work to the category 
Rep cris /£;(Gii-). We formulate an irreducibility criterion in the following theorem, 
from which Theorem D follows immediately (i.e., the equivalence between (i) and 
(iv)). Recall the convention that X^-gfl % = ^ ^ or em Pty set 0. 

Theorem 5.2. Let k = (k , . . . , k a -i) G Z% . Let V G Rep k ris/E (G K ) be of 
dimension 2, and let 0" 1 (V^) = A = {Aj)j e x/ a % G Gh2{&E) a ■ Then the followings 
are equivalent 

(i) V is reducible, containing some crystalline character tp\ . 

(ii) There exist Wj € 0* E or p kj G* E , and 3 /0 in &e such that 

\Vi ) 

for all j G Z/aZ. The character ipi has embedded HP z ; aZ (^i)j = kj if 

Wj G p kj 6* E and = if Wj € <ff E . 
(iii) P(j) a = Mat((/3 a ) for one (equivalently all) j have an eigenvalue whose 

p-adic valuation equal to X^ej^j for some subset J ofZ/aZ. 
(iv) The p-adic Newton polygon of Pi j) a (I or one an( ^ a ^ j) has a slope equal 

to Y]jcj % f or some subset J ofZ/aZ. 
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(v) Let t = tr(P(j) ]4 ) = tr(Mat(^°)), iften ezt/ier 

ordpt > - Y^ k i '= Yl k i 
jez/aZ je,J 

- ^2 kj> ord p t = J2 k 3 

j&Z/aZ je.J 



or 



for some subset J ofL/aL. 

Proof. The equivalence (i)«£=>(ii) follows from the same equivalence in Proposition 
13.111 The equivalence (iii)^==>(iv)<^=>(v) follows from basic p-adic analysis and 
theory of p-adic Newton polygon, since roots of the characteristic polynomial of 
P(j),A are precisely the eigenvalue. The slopes of the p-adic Newton polygon of 
P(j) A are precisely the p-adic valuation of the eigenvalues. 

We show below that (ii)<J=>(iii). Notice that these P(j),a are au conjugate to 
each other in M2x2(E) and hence have the same eigenvalue (and characteristic 
polynomial), one may prove the statement for one and hence all j £ Z/aZ in (iii). 
Suppose (ii) holds. Write w = wqWi ■ ■ ■ w a -i, we have ord p w = X) 7 ej k j f° r some 

subset J. By applying the iteration in (ii), there are nonzero solution 3 j to 

<"> p »- ( I ) -»(«'* 

which shows that (iii) holds. Conversely, suppose (iii) holds. That is P(j),a has 

an eigenvalue w with p-adic valuation equal to J^j kj for some subset J of Z/aZ. 

Then we have a nonzero solution for (fTS)) for one j. Let the rest of the vectors 

x- \ 
3 I over E be computed via the iteration in (|17p . and all can be chosen over 

Vj J 

&e without problem. This proves (ii). □ 

Remark 5.3. Our irreducibility criterion above in Rep cris / B (Gi<-) is very similar to 
the existing one for Rep cris /Q (Gk), compare this with Remark 12.91 For a = 1 we 
recover that V is irreducible if and only if Newton polygon has only positive slopes. 
By Theorem 15.21 it is easy to see that, if V is reducible then 



n, 



si./ 



e„ 



for some unramified character r\ and some subset J of Z/aZ. Compare this to 
Remark 0£Sf4). 

Let V be a 2-dimensional i?-linear crystalline representation in Rep cris / B (Gx) 
with k = (kg, . . . , k a -i) G Z> . Let p := V be the semisimplification of reduc- 
tion mod p of V. The following theorem generalizes Breuil's classification [Br02[ 
Proposition 6.1.2] for the case K = Q p , and proves Theorem E. 

Theorem 5.4 (Theorem E). (i) Let < kj < p— 1 for all j. If p is reducible, then 
**" 
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for some character rj that extends to Gk ■ 

(ii) Let < kj < p — 1 for all j and k =/= 0. If p is irreducible, then 

P = md(w 2 „ ) <g> V 

for some character rj; i.e., 




P\i K = 

for some character r\ that extends to Gk- If k = then p = ind(cL>2 a _ ) <8>rj for 
some character. 

Proof, (i) Since p is reducible, by Breuil's |Br07[ Corollary 2.9] we have that 

p\ lK a I ^ o * J ®r? 

for some character 77 that extends to Gk and some < rj < p — 1 and not all equal 
to p — 1 . Thus we have upon a twist by a character 

(19) det(p)= W p ez/ " zrjy . 

On the other hand, let T be a Galois stable lattice in V. Write (L = Yij^z/aZ Lj , <fi) 
D* ris (T) for a strongly divisible lattice in D = D* ris (F). With respect to basis 
adapted to filtration, we have Mat(<^|x,) = (AoAq, .. . , A a _iA a _i) where Aj £ 
GL 2 (^ E ) and Aj = Diag(p fc ', 1). By Theorem I47T41 we may lift T to integral 
Wach module N with Mat(<^|jv) = (^oAq, . . . , A a _ 1 A a _ 1 ) where Aj = Aj mod 7r 
lies in GL2(^b[[tt]]) an d Aj = Diag(g fej ,l) where q — (p(tt)/tt. Notice that 
q = ttP- 1 modp, we have the etale (^,r)-module N(F) := N(T/m B T) ^ N/m E N 
over F p given by 

Matfay = (4, ^ * Q J J,. ..,4,-1^* j 

that commutes with reaction. Write Uj := det(Aj) = (det(A,) mod hie) for every 
j, it is clear that Uj £ ¥ p [[tt]}*. Thus D(det(p)) has 

Mat(^) = det(Mat( V y ) = (uoTr^"^.....^-!^- 1 )*- 1 ). 
Recall from PropositionOthat D(wp es/QZ ^^ ) has Mat(</>) = (t^" 1 )* , . . . , tt^ -1 )^- 1 ), 

y^ a-1 k rp 

we notice that upon an unramified twist det(p) = w a 3= " 3 . Comparing this 
with (JT9)) . since we have w„ = 1 if and only if (p a — l)\h, we have kj = r, if 
k ^ (p — 1, . ..,p— 1). If fc = (p — 1, . . . ,p — 1) we have det(p) = Id and hence our 
assertion is not affected if we set rj = p — 1 = kj for every j. This finishes our proof 
of part (i) . 

(ii) This part follows a similar argument as part (i). Since p is irreducible, by 
Breuil's [Br07( Corollary 2.9] we have that 

Ej£Z/aZ r 3P 3 q 

P\Ik = I 2a p°V , rV I '/ 

w£, ' ' 
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for some character rj that extends to Gk where 1 < r$ < p, < r, < p — 1 for 
1 < j < a — 1 , and r ^ (p, p — 1 , . . . , p — 1) . For the case ro = p consider the p-adic 
round-up, we may assume from now on that < rj < p — 1 for all j and ro =/= 0. 
Upon a twist we have 

(20) det(p)-^p ez/ " zrjP \ 

The rest of the argument in part (i) carries over here without any problem since the 
weight k satisfies the same hypothesis of Theorem 14. 141 hence we may Wach lift V, 

then reduce mod P and obtain that det(p) = ui a 3ez/oZ ] ($rj for some character 
rj. Now we compare this with (|20| : If k ^ 0, then we have that kj = rj for all j. If 
k = 0, then we have r j = p — 1 for all j . In this case p = ind^^a" ) ® V- ^— ' 



5.2. Some analytic families in Rep cris / B (Gi<-). The purpose of this subsection 
is to construct some explicit families of crystalline representations of dimension 2. 
This allows us to have some crystalline deformation of prescribed reduction type. 
We are able to address on the boundary weight k = (p, . . . , p) in these explicit 
constructions. Let G^ v be the ring of integers of C p , and let E+ = lim xh ^ xP &c v be 
the ring defined by Fontaine [Fo8 8a . and let E = E + [l/7r]. 

We write Rep cris / £; (-) for the category of _E-linear crystalline representations of 
Gk with embedded Hodge polygon k — (fco, ■ ■ ■ ,&a-i)- Let k\ := J2jei,/aZ^j/ a - 
We define a 2-dimensional crystalline representations Vr - s in Rep cris i e (Gk )■ Write 
Gal(K/Q p ) = Z/aZ = s>/ U 33 as & partition. Let v = \v , ..., v a -i) € 6% and let 
u= {Uj) je gg with Uj e E . Let A := (Aj) jeZ/aZ where 




Recall the bijection 9 : GL2(0E) a / ~g — ► Rep cris / £ (GK) per Theorem 13.51 Let 

V^ s :=0(A)inRepi is/E (G K ). 

We have a remark on the parameters v and u in Vjj - -. If we define an equivalence 

~r: on ^, denoted by v ~t u' G ^g, by w^ = io' -1 ) 3 ?;'- for some w € G E when a is 
even; or w = vf when a is odd, then we have the following property: 

Proposition 5.5. Let Z/aZ — srf and let kj > for every j. Then Vt - = Vz -/ if 
and only ifv^z v' . 

Proof. By Theorem 13.51 we have Vt -. = Vz -, if and only if A ^r A' where 



-1 



Cji Cj 3 



A' = (I ^ , j)j. Namely, there is Q = ( ^ ^ JJ j e GL 2 (^ B ) such that 

Cj-%Aj = A'jC^j for every j <E Z/aZ. This implies that Cj = Diag(cji, Cj2) and 
Uj = c ° j2 v'j, where Cj2 — Cj-i,i and Cj\ — Cj-\$- Write w = co2/c a -i,2, then 

we get Vj — vj(~ x ' v'j for every j. When a is odd this forces w = 1 and hence our 
proposition follows. □ 
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Before our construction of Wach modules, we retain notations from Lemma [4721 
Let b = a if #^/ is even or b = 2a if $srf is odd. If kj = let Sj = 0; if kj > let 

(21) S 3 := -ordp^*- 1 "^- 1 ^ moduli). 
We shall need the following lemma for the proof of Theorem 15.111 

Lemma 5.6. Let k — (ho, • • • , fe a -i) S Z> and let fci = Sjez/aZ kj/a. For 

j G Z/aZ then we have < Sj < _ 1 . If k = (p, . . . ,p) then Sj = /or every 
j e Z/aZ. 

Proof. By Lemma I4.1[ we know A;, £ ^?p— i,q for any b and hence by the very 

definition we have < 5* < 7 • 
— j — p—y 

It remains to show that for feo = • . • = fc a _i = p, we have Sj = for all j. By 
Lemma 14.21 and its proof, fj(ip), gj(f) £ pZ[<p] f° r ah j since they are algebraic 
combinations of feo, ■ • • , fea-i- Thus A^ _1 }3 ^ 1 ' (ip ' g \? lv1 and hence there exists 
C := co + ci7r + . . . + c p _27!" p ~ 2 + p~ 1 c p -iTr p ~ 1 in ^p— i,q with Ci £ Z p such that 

(A!, 93- J mod 7r p ) = (C p mod 7r p ), which is clearly in Z p [7r] by examining 

its binomial expansion. This shows Sj = — ordp(Aj ) 9j_1 fl ^ 1>((p> mod tt p ) — by 
definition. □ 

Let 

(22) Zj := Cp^A^-^-^^modTr^), 

notice that Zj £ Z p [7r] by the very definition of Sj above. 

Let Uj £ G* E . Write Xj for a variable on which 7 and ip act trivially, we define 
for kj > 



(23) 






with Sj, tj £ H-7rZ p [[7r]], Zj £ Z p [[7r]] be as given in Lemma l4.2l and above. If kj = 
then set Pj(Xj) := P/(0) and the same G 7J . 

Proposition 5.7. Write m — [fei] . For ony 7 € Ta' we /save /or every j 

G 7J _! - P i (X,-)^-P i (^ i )-' r 6 ^ m M 2x2 (Zp[[^,X J ]]). 

Moreover, the left-hand- side vanishes for kj = 0. 

Proof. Let j £ ^. A straightforward computation shows that 

f? - 8J-! 



G^j-iPj(X,Y f - Pj{Xj)G^j - ^ ^ fc . fe _ ig(7 -i) fe , _ s p (tj _^7 _ iJ^.)Xj 

Note that the two off-diagonal entries vanish if and only if (fl~3|) holds, which has a 
unique solution for (sj , tj )j . The diagonal entry vanishes if and only if (fl4|) holds 
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by the very definition of Zj in (|22| . whose solution set is Sf as defined in Lemma 
Ol We have 

^j-x^^r - to)G^ = ( ° j^ \ e 7r m M 2x2 (Z p [[vr,X^]]). 

Following an identical argument as that in the proof of |BLZ04[ Proposition 3.1.3] 
we have 



G 7j-i ~ p j( x j) g ^,j p j( x j) 1 - ( o 7r m * J ■ P i(- X i)" 



■7 



W ZjXjq-^ q- k > x7 



o 7r m * y v — i o 





7r m * / c " ^x^rpu«>- 3 



e7r m M 2x2 (Z p [[7r,X,- 



Now suppose j G ^. We have 

r P(XV-P<X\r* -( ^(q^-^sj-i-sf) 

^j-i^l^i ^V^ 7J - ^ q k iz ^ q in-Dk H ._ lZ i-^ _ s j )Xj (fj _ 1 _ t j) Mj 

Then 

G^-P^G^^)^ = (j^ °)e 7 r m M 2x2 (Z p [[7r,X i ]]). 

The case when kj = is an easy computation. □ 

Proposition 5.8. Let Pj(Xj) in Af 2x2 (Z p [7r,Xj]) be as in H?3\) for all j € Z/aZ 
and write X = (Xq, .. . , X a _i). There exist unique matrices G 7 ,j(X) G Id + 
7rM 2x2 (Zp[[7r, X]]) such that 

d^ j -i{x')p j {x j y = P^x^^xy 

for all j £ Z/aZ. 

Proof. By Proposition 15.71 if kj — then G 7J (X) := G 1 .j will do the job. So we 
may assume kj > for the rest of the proof. Write fjj. = G 1 ^-\j—Pj(X)Gt ■ e Pj(X)~ 
in Z p [[tt, X]]/7^ +1 . By Proposition^ we have p}(X) e Af 2x2 (Z p [[7r, X}}) and G 7J 
in M 2x2 (Z p [[tt]]) such that fj, m -i € 7r m M dxd (Z p [[7r, X]]) for all j. By applying a 
general version of Proposition 14.71 as explained in Remark 14.81 we obtain a unique 
7r-adic lifting G 1 .j € M 2x2 (Z p [[7r, X]]) such that G 7J = G 7iJ - im _i mod 7r™ 1 . D 

We have the following lemma generalizing BLZ04, Proposition 3.2.1]. 

Lemma 5.9. For 7, r\ £ T/f and for a — (cxq, . . . , a -i) € ^H; we have G 7r/J (d?) = 
G-yj(d)Gr).j(d) 7 . Moreover, for every j 6 Z/aZ we ftave 

G 7li _i(5) ■ Pffo-) 7 - Pj(aj) ■ G^{$f 

so that one can use the matrices Pj(otj) and G^.j(d) to define an integral embedded 
Wach module TV (a) := IX/ez/aZ N (®)j over ^[MJ ®z p @e- 
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Proof. We know from Proposition 1 5 . 81 that 

and if 7,77 G T K then G 7?M (X) and G' yr)jj (Jt) = G ld (X) ■ G^.^X)" 1 both satisfy 
the conditions of Proposition HTSl and hence they are equal. We then define N{a) = 
Y[j£Z/a,zN(cx)j where N(a)j is 2-dimensional free ^e[[7t]]- module which we write 
N(a)j = ^e[[7t]]^j,i + ^E^]]nj.2 with basis Uj^rij^- We endow it with action 
7 : N(a)j — » N(a)j and ipj : N(a)j — * N(a)j-i given by matrices G 7 j(d?) and 
Pj(aj) respectively. □ 

Recall Sj defined in (|21| . Let v = («o, ■ ■ • ,w -i) with Vj G -E and ord p Uj > Sj. 
Let a := (p~ Sj Vj)j (in ^). Let Vz-,^ be the ^-linear crystalline representation 
such that E ®&„ N(a) = N(V? J and let Tr - - be the ^-lattice in Vs .-, -, such 
that iV(a) = N(T| ). The following result generalizes result of [BLZ04J . in fact, 
for a = 1 we recovers [BLZ041 Proposition 3.2.4] with our Ve- g equal to Vfe )0 in 
notation of [BLZ04J . 

Proposition 5.10. For a = (ao, . . . ,a a -i) G ^g, tfte filtered ip-module E ®c E 
N(ct)/nN(a) is isomorphic to a weakly admissible filtered ip-module D^ - -, so that 
we have D* dVr -. -.) = Dr - -. 

cnsV k,v,u> k,v,u 

Proof. By definition we have 

Zj . aj = (p~^^-)«j = (A^'- 1 ^- ^ mod tt^)^ = Vj - mod tt 
since Afc = 1 mod n. Then we find 

i, I = I ,, ) mod 7r for 7 G sd ', and 

P(a) = ^ > q \ ZjCXj / N V? «J / 



1 = I , I mod n for j G 

9 3 %"j ^ / V P JV J U J 

We have G 7J - = Id mod 7r. Follow a similar argument as that in [BLZ04, Prop. 

3.2.4], we find that E®e E N(a)/irN(a) is isomorphic to De~~. This concludes 

our proof. □ 

We consider the mod-p reduction behavior of Vr - -. By mod-p reduction we 
mean Tr - ,/iue for any Galois stable lattice T? - - in Vr — Note that the semisim- 

k,v,u» ^ J k.v,u k,v,u 

plification of this reduction, denoted by Vr -, s , is independent of the choice of 
lattice. 

Theorem 5.11. (i) For t = 1,2 let ifo' be such that ordpV, > Sj where Sj is 
defined in V21)) for every j . Let Vr -< t ) - be the crystalline E -linear representation 

such that E®@ E N((p~ j v, )j) = N(V-.* S), and let T^ _ (t) - be a Galois stable 
lattice in V^ t) s such that N((p~ s Jvy')j) = N(T^ ff(t) -). Suppose ordp(wj 1) - 
Vj)> Sj + i, then 

Tr - m -t = Tr -*&, - mod mV. 

(ii) For any v with ord p w > [ [ _~ j , or with ordptT > and k — (p, . . . ,p), we 
have V r - - — V r n ->■ 

k,v,u k,0,u 
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Proof, (i) Write ay = p- 5 i Vj . By hypothesis, Pj(a (1) ) = Pj{a {2) ) and G y>j (a^) = 
G 7J (a( 2 )) modula m l B . Thus N(a^) = N(a^) mod m%. Then we have T £ - (1) - = 

T fc,^),s modm £- 

(ii) Observe that Sj < _^~ , so ordpV > [ [ "_~ j implies that ordpU; > Sj 

for every j. Hence we may apply part (i) to ir 2 ' = 0. When k — (p, . . . ,p), then 
Sj = for all j by Lemma [5751 hence our assertion follows from the same argument 
as above. □ 

Below we shall construct some crystalline deformation of 2-dimcnsional reducible 
and irreducible representations in Rep/p (Gk), whose complete classification can 
be found in Breuil's notes |Br07j . 

Proposition 5.12. Let k — (ko, . . . , k a -i) with < kj < p— 1, or let k = (p, . . . ,p). 
IfVt^jf — Q([Aj)j) with j £ S3 for all j and ord p w > 0, then we have 

for some unramified character rj. 

Proof. Let N = Yljez/aZ ^j denote the (<p, r)-module of V% g f. Then 

Mat(^y 



1 

3/ 



with respect to certain lifted basis adapted to filtration N = (ei, e%). Thus 
M*-|„,J = ( *»-" J: «™'"'• J 

This says that (p a \g 1 — 7r p ~ >^iei./az i'P an( j ip a \g 2 = 1. Under our hypothesis on 
embedded Hodge polygon k, we find that ki < p—1 (ki < p— 1 when fej > for all j) 
and hence we may apply Fontaine-Laffaille type theorem in Theorem 14. 141 The sub- 

object (ex) = N(^P GZ/ ° zfcjpJ ) by PropositionO Thus T^y S wF' e * / ""*' P ' ©Id. 
Now by Theorem 15.1114 1). for any ordp(u) > [ ' ■ _~ J = we have VV-^y = 
Kj g r. Combining these above, we have 



£,#,1 — ' fc,o,r ~~ 






for some unramified character 77. D 

Proposition 5.13. Let k = (fc , . . . , fc a _i) suc/i i/iai < fc„- < p — 1 for every 
< j < o-l orfe = 0, .. . ,j>). //F g) - S = 6((A J ) J ) wftftj G ^/or aZ/0 < j < o-2 
and a- 1 e i/ with ord p (w) > then we have 

^M-l-^fcAl - 1Ild ( W 2a )®»7 

is irreducible. 
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Proof. We note that our first congruence follows from Thcorcm l5.11l Let N be the 
integral Wach module of Vg g j and let N — N/vcie be its mod p reduction. Wc 
shall prove N is irreducible as an etale (</?, r)-module over F p ((7r)) scp . Recall that 

7,-(p-l)fcj o 



Then 



Mat(ip\ w ) 3 - ^ f Q ( 

n (?-m o 



o i ' ifje 



if j G £/. 




Ma%°y = ( , ° „_! 

Suppose TV contains a proper subobject iV . Then ip a acts on iV = xei + yei for 
some x,y € ¥ p ((ir)) by 

/ o _„.&>-!) e;;, 2 ^ \ / xP ° \ / z 

\ Trfe-i)*-!*"- 1 j U P / U 

for some A G F p [[7r]]. From the equation we arrives at (a;/y) pa+1 = - n (p-^)(k +kip+...-k a .- 1 p a 
which has no solution to x/y in ¥ p ((ir)). This proves irreducibility of V V g ?■ 

Let W be the determinant of N. We have that Mat (ip\ w ) = (tt^" 1 ^ , . . . , n (p-^a-iy 



It is clear that W = D(w a J ) by comparison with Proposition [5TTJ 

Finally we claim that 

t7i ~ . /^i&lai k iP 3 „ P° Z) 3 ez/<.z fe jP J 
l/|/ A . =CJ 2a © w 2a 

It is reduced to consider TV over E £g>p „ F p 2a = Yii=o ^ ^° ^ e isomorphic to 

n i=0 D(w 2a jez / aZ ) Denote the basis adapted to filtration by Nj — (e^e^) 
for every j . Let 

e i : = (eo,i) e i,ii ■ ■ ■ i eo-i,i) e o,2, ei,2) ■ ■ ■ , eo-1,2) 
e 2 := ( e o,2, ei,2, • ■ ■ j e a -i,2, eo,i, ei,i, . . . ,e a -i,i) 
Change basis to the matrix of ip above to that with respect to e^ and e* 2 we have 

Mat(^) = (^- 1 ^,...,^"- 1 ^-\1,...,1). 

Ma%| 4 ) - (l 1 ... 1 lM p - 1)k0 ,---^ (p - 1)ka - 1 ). 

Then it is clear that (%)_* D(w£' 6I/o * A * P ') and (e* 2 ) = D(w£ SW**'*'). This 
proves our claim about V j K above. D 

We remark that our work in dimensional 2 case (in particular, Section 5.2) 
overlaps with recent and current work of Dousmanis [Bo07, D0O8]. In particu- 
lar, Dousmanis lists isomorphism classes of 2-dimensional weakly admissible fil- 
tered (^-modules with Galois descent data and coefficients. His work allows him 
to describe the isomorphism classes of 2-dimensional potentially crystalline repre- 
sentations |Do07[ Section 4.1] and potentially semistable (noncrystalline) represen- 
tations |Do07[ Section 4.2]. In |Do08, Theorem 3] Dousmanis has shown that if 
ordpVj > L(max J - eZ/aZ (fc i ) - l)/(p - 1)J for all j G Z/aZ = #t, then V^ = Vgg. 
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